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Abstract 


The large A/" = 4 linear superconformal algebra (generated by four spin-| currents, seven 
spin-1 currents, four spin-| currents and one spin-2 current) found by Sevrin, Troost and Van 
Proeyen (and other groups) was realized in the A/" = 4 superconformal coset theory 

previously. The lowest 16 higher spin currents of spins (1, |, |, 2), (|, 2, 2, |), (|, 2, 2, |) and 
(2, |, |, 3) are obtained by starting with the operator product expansions (OPEs) between the 
four spin-1 currents from the above large A/" = 4 linear superconformal algebra and the lowest 
higher spin-1 current which is the same as the one in the Wolf space coset su( 3 )xsul 2 )xu{i) 
theory. These OPEs determine the four higher spin-| currents and the next six higher spin- 
2 currents are obtained from the OPEs between the above four spin-| currents associated 
with the A/" = 4 supersymmetry and these four higher spin-| currents. The four higher 
spin-1 currents can be determined by calculating the OPEs between the above four spin-| 
currents and the higher spin-2 currents. Similarly, the higher spin-3 current is obtained from 
the OPEs between the four spin-| currents and the higher spin-| currents. The explicit 
relations between the above 16 higher spin currents and the corresponding 16 higher spin 
currents which were found in the extension of large A/" = 4 nonlinear superconformal algebra 
previously are given. By examining the OPEs between the 16 currents from the large A/" = 4 
linear superconformal algebra and the 16 higher spin currents, the match with the findings 
of Beccaria, Candu and Gaberdiel is also given. The next 16 higher spin currents of spins 
(2, |, |, 3), (|, 3, 3, |), (|, 3, 3, |) and (3, |, |, 4) occur from the OPEs between the above lowest 
16 higher spin currents. 




1 Introduction 


It has been studied in pQ that the better understanding for the string theory in the tensionless 
limit can be described from the Vasiliev higher spin theory. The string theory is described 
by the type IIB string theory on AdS^ x x T^. The dual conformal held theory (CFT) 
is believed to be on the moduli space of the free symmetric orbifold. This CFT contains 
4(A^ + 1) free fermions and bosons where (A^ + 1) is the product of D1 brane and D5 brane 
charges. On the other hand, the large A/" = 4 coset theory in two dimensional CFT, which is 
dual to the Vasiliev higher spin theory on AdS^, has a factor SO {AN + 4) in the numerator 
of the coset. This describes {AN + 4) real free fermions. In the large level limit of the large 
Af = A coset theory, the coset factor leads to the A{N + 1) = [{N + 2)^ — 1] — — 1] 

free bosons. Then the number of free bosons and fermions is the same both in the symmetric 
orbifold theory and in the continuous orbifold theory (described in [ 1 ]). After precise analysis 
of the embedding of the permutation group Sn+i into the U{N), they have concluded that 
the U{N) singlet sector of the large Af = A coset theory in the large level limit is a subsector 
of the Sn +1 singlet sector of the symmetric orbifold theory. In other words, the perturbative 
Vasiliev theory is a subsector of the tensionless string theory. See also the recent work in [2] 
for relevant discussions. 

In the large level limit, the parameter 7 of large Af = A linear superconformal algebra 
[3] becomes zero. Then the large Af = A linear superconformal algebra contracts to the 
small Af = A linear superconformal algebra (generated by spin-2 stress tensor, four spin-| 
supersymmetry currents and three spin-1 currents associated with the affine SU{2) algebra) 
with four free bosons and fermions. In the type IIB string theory on AdS^ x x x S^, 
the above parameter 7 is described in terms of the radius of AdSs space and the radius of one 
of the three spheres. There exists a relation between the radius of AdS^ and the radii of two 
three spheres. As 7 —)■ 0 , one of the two three spheres becomes flat and decompactihes to 
(and to three torus T^) and then one realizes the string theory on AdS^ x x mentioned 
before. 

What happens for hnite level before taking the large level limit? One should understand 
the dual CFT corresponding to the above type IIB string theory on AdS^ x x x S^. In 
addition to the large Af = A linear superconformal algebra, the large Af = A coset theory has 
an extended chiral algebra which contains the higher spin currents initiated in [1]. Therefore, 
one immediate thing to do is to obtain the lowest higher spin currents for generic N. Once 
the higher spin currents are obtained for generic N, then it is straightforward to calculate 
the three point functions with two scalars in CFT. Before describing the higher spin currents 
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for general N, one fixes = 3 in this paper becanse one can see most of the structnres of 
the extended large J\f = 4 linear snperconformal algebra. One can vary N and obtain the 
higher spin cnrrents for several N valnes in near fntnre. One expects that one can determine 
the strnctnre constants for general N from the above low N values results. The present work 
will give some hints for the construction of the three point functions with two scalars for low 
higher spins of s with arbitrary N and level k. Eventually, the general spin s dependence of 
the three point functions corresponding to the three point function in the AdS^ bulk theory 
will be obtained. 

For the 16 currents in the large M = 4 linear snperconformal algebra, the explicit results 
for = 3 in terms of the coset helds were present in Part I [5]. The general N dependence 
can be found from the earlier work in PEI. 

How does one determine the 16 lowest higher spin currents in terms of coset helds? For the 
lowest higher spin-1 current in the linear version, one takes the one in the nonlinear version 
in Part I 0 0. In other words, the starting point is based on this higher spin-1 current in 
the linear (or nonlinear) version. As described in the abstract, the next four higher spin- 
I currents can be obtained from the OPEs between the four spin-| currents which are the 
supersymmetry generators of the large M = 4 linear snperconformal algebra and this higher 
spin-1 current. Each higher spin-| current has the same U{1) charge (which will be discussed 
in next section) as the corresponding above spin-| current because the U{1) charge of the 
higher spin-1 current is zero. Two of them belong to the same J\f = 2 multiplet with the 
higher spin-1 current and other two belong to two other M = 2 multiplets respectively. Then 
the next thing is to obtain the next six higher spin-2 currents. Since there are four spin-| 
currents and four higher spin-| currents, there exist 16 possible OPEs between them. Among 
them, the only 12 OPEs are nontrivial ones. Then the above six higher spin-2 currents appear 
twice in these OPEs. One of them completes the last component of the above hrst M = 2 
multiplet containing the higher spin-1 current. Two of them belong to the above second 
M = 2 multiplet as the second and third components. Two of them belong to the third 
M = 2 multiplet (second component and third component). The last one belongs to the new 
fourth M = 2 multiplet as a hrst component. 

For the next four higher spin-| currents one continues to calculate similar OPEs. Since 
there are four spin-| currents and six higher spin-2 currents, there exist 24 possible OPEs 

^The fields in the linear version are defined as the ones in an extension of large A/” = 4 ‘linear’ snperconformal 
algebra (generated by spin-2 current, four spin-| currents, seven spin-1 currents and four spin-i currents) 
where the OPEs between the spin-| currents are linear while the fields in the nonlinear version are defined as 
in an extension of large A/" = 4 ‘nonlinear’ snperconformal algebra (generated by spin-2 current, four spin-| 
currents and six spin-1 currents) where the OPEs between the spin-| currents are nonlinear. The OPEs are 
nonlinear in both linear and nonlinear versions. 
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between them. Among them, the only 12 OPEs are nontrivial ones. Then the above four 
higher spin-| currents appear three times in these OPEs. One of the four higher spin-| 
currents plays the role of the last component of the above second M = 2 multiplet while one 
of them is the last component of the third M = 2 multiplet. Two of them consist of the second 
and third components of the fourth M = 2 multiplet. For the higher spin-3 current, there 
are four spin-| currents and four higher spin-| currents and so there are 16 OPEs between 
them. The nontrivial OPEs are given by four and the higher spin-3 current appears four times 
in these OPEs. This higher spin-3 current will be the last component of the fourth M = 2 
multiplet. One expects that the above OPEs between the spin-| currents and the higher spin 
currents of s = 1, |, 2 and | will be generalized to the general N case without any difficulty 
because the structure constants will have very simple functions of the level k and several N 
examples will £x them completely. 

In [1], the large AA = 4 holography is proposed and some of the currents and higher 
spin currents are constructed using the oscillator formalism in the context of asymptotic 
symmetry algebra in AdS^ bulk theory. One expects that the extension of large A/" = 4 linear 
super conformal algebra should match with the corresponding higher spin algebra dehned in 
the AdS^ bulk theory. Therefore, it is necessary to calculate the OPEs between the 16 lowest 
higher spin currents, as a hrst step, to obtain the corresponding algebra in dual OFT associated 
with the above asymptotic symmetry algebra in AdS^. One should calculate 16 x 16 = 256 
OPEs but the reversed OPE between any two higher spin currents can be obtained from the 
original OPE between them. Therefore, one should calculate 'n = | x 16 x (16-1-1) = 136 

OPEs which are nontrivial in the sense that there are singular terms. For the corresponding 
OPEs in the nonlinear version, the number of OPEs is less than this number because there 
exist some trivial OPEs. The OPEs are written in terms of coset helds because the higher 
spin currents are given in terms of those coset helds. 

Therefore, in order to rewrite them in terms of known 16 currents and 16 higher spin 
currents (and their derivatives), one should introduce the possible candidates with arbitrary 
coefficients in the right hand side of the OPEs. Since there is U{1) charge constraint in the 
given OPE, the number of arbitrary coefficients is reduced. If one cannot write any OPE 
in terms of the known 16 currents and 16 higher spin currents (and their derivatives), then 
one should expect that there should exist a new primary held for given pole in the OPE. 
Since the extended algebra contains inhnite number of higher spin currents, one expects that 
there should be new primary currents in the 136 OPEs and actually the next 16 higher spin 
currents occur. So it is better to obtain those 16 next lowest higher spin currents instead of 
calculating the above 136 OPEs. From the experience in the construction of 16 lowest higher 
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spin currents one can apply the prescriptions used in there to the 16 next lowest higher spin 
currents. 

Now then one can calculate the 136 OPEs explicitly and each pole of each OPE is written 
in terms of multiple products of various coset helds. One puts each pole of the OPE to be 
equal to be multiple product of known 16 currents, 16 higher spin currents and the next 16 
higher spin currents (and their derivatives) satisfying the U{1) charge constraint. Compared 
to the corresponding OPEs in the nonlinear version of Part II [S], the present 136 OPEs do not 
have any multiplet products between the 16 currents of large A/" = 4 linear superconformal 
algebra and the 16 lowest higher spin currents (and their derivatives) except a few OPEs. 
Furthermore, if one goes to different basis found in [9] where it is not clear how the coset 
fields arise explicitly, those nonlinear terms disappear. One of the reasons why the current 
issue on the construction of 136 OPEs is interested in is that if one sees the corresponding 
OPEs in the nonlinear version from Part II, it is hard to extract the simple structure behind 
these OPEs because there are too many nonlinear terms between the 16 currents and the 16 
lowest higher spin currents in the OPEs. In the linear version of present paper, the right 
hand side of the OPEs consists of linear terms having either 16 currents, 16 lowest higher 
spin currents, or 16 next lowest higher spin currents (and their derivatives) and nonlinear 
terms having 16 currents (and their derivatives) from the large A/" = 4 linear superconformal 
algebra up to the poles of the OPEs considered in this paper. This indicates that if one 
goes to A/" = 4 superspace description, then the above 136 OPEs can £t in one single OPE 
in A^ = 4 superspace and the right hand side of this OPE contains linear terms as well as 
nonlinear terms consisting of multiple product of A/" = 4 stress tensor (and their derivatives) 
up to the poles considered in this paper. 

In this paper, the analysis done in Part I |5] and Part II [8] for the higher spin currents 
is extended to the large A/" = 4 linear superconformal algebra. The extra two A/" = 4 multi- 
plets (16 lowest higher spin currents and the next 16 higher spin currents) are obtained. In 
particular, the complete OPEs between the first A/" = 4 multiplet in component approach are 
described. 

In section 2, the review of large J\f = 4 linear superconformal algebra is described. 

In section 3, the 16 lowest higher spin currents are constructed. Let us describe the 
notations one uses in this paper. In order to emphasize the extra higher spin currents, one 
uses a boldface current. In other words, the boldface currents are the higher spin currents. 
Furthermore, in order to characterize the higher spin currents in the nonlinear version, the 
word of ’non’ is added in the subscript of the boldface higher spin currents. The boldface 
higher spin currents without ’non’ are the higher spin currents in the linear version. For 


4 


example, the 16 lowest higher spin currents have the following spins 


I 


i5!2 

’ 2 ’ 2 ’ 

^2^ 
2 ’ ’ ’ 2 

^2^ 
2 ’ ’ ’ 2 

24 , 1,3 


• 'T'( 2 ) rp( 2 ) ^->( 2 ) ^ 'T'( 2 ) T->( 2 ) T'( 2 )', 

Vnorn -^+,non) — .nonj -^non/ V-*- !-*-+ )-*- /1 

■ 

l,^non, ^+,non? '-^-,non? ^non) ^ {KJ ^ ^ U , U_ , U J, 

- v*'^^ 1 ^ 

I, V non, V +^non5 '' -,non5 ^ nonj ^ {\ ,V^,V_,V J, 

: ( 1 . 1 ) 


These are primary helds under each stress tensor in the nonlinear or linear version. In section 
2, the U{1) charges of these higher spin currents will be described. The precise relations 
between the higher spin currents in the nonlinear and linear versions fll.ip are described. 

In section 4, the OPEs between the 16 currents from the large J\f = 4 linear superconformal 
algebra and the the 16 lowest higher spin currents found in section 3 are given. The comparison 
with the held contents in different basis [9] is given. 

In section 5, the 16 next lowest higher spin currents are constructed. One can specify 
these 16 higher spin currents according to their spins and M = 2 multiplets as follows: 



|'p(2) 0 ( 2 ) 0 ( 2 ) p(3) \ ^ fpl^) p(2) p(2) p(3)\ 

non’^ +,non) ^ — ,non) ^ non/ ) i 

« (Q'5*,Qf’,Q?>,Q'?>), 

(Rill,, rSL„,R' tton,Rili.) « (R>5>,Rf,R?',R'5>), 

/c(3) 0 ( 4 ) N ^ i'qO) sWl 

V'^non)‘^+,non)—,non)‘^non/ “ /■ 


( 1 , 2 ) 


In section 6, the OPEs between the 16 currents from the large A/" = 4 linear superconformal 
algebra and the 16 next lowest higher spin currents found in section 5 are described. 

In section 7, the OPEs between the 16 lowest higher spin currents found in section 3 and 
themselves are given. 

In section 8, the summary of this paper is given and the future directions are also described. 

In Appendices A-F, some details appearing in previous sections are presented. 

The mathematica package by Thielemans [10] is used. 

^In Part I |5], the higher spin currents in the nonlinear version were written without ‘non’ and there were 
no boldfaces. In part II [5], all the higher spin currents were presented without ‘non’ and the boldface higher 
spin currents were the second A/" = 4 multiplet (next 16 lowest higher spin currents). 
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2 The large J\f = ^ linear superconformal algebra in the 
coset: review 


The large A/" = 4 linear superconformal algebra is generated by spin-2 stress tensor T{z), 
four spin-| supersymmetry generators seven spin -1 currents Ai[z), Bi{z) and U{z) 

and four spin-| currents Fa{z). Six spin-1 currents are the generators of two SU{2) affine 
algebras where the levels are denoted by {k^,k~) and one spin -1 current is the U{1) current. 
The central charge appearing in the OPE between the spin-2 current and itself is given by 
c = The parameter 7 = appears in the large M = 4 linear superconformal 

algebra. One presents the large A/" = 4 linear superconformal algebra in Appendix A. 

The 16 currents can be rearranged into the following four M = 2 multiplets as follows: 


’ 2 ’ 2 ’ 




{J Udz,F2i,Fi2,As andEg), 

(Ell, E_, A+, Gii and dFn), 
{F22, A_, G22 and dF 22 ), 

(A3 and E3, G2I) Gi2, T). 


( 2 . 1 ) 


The last multiplet contains the currents in the usual A/" = 2 superconformal algebra. The 
U{1) charges of fl 2 .ip have the same behavior of those of fll.ip and A±{z) = Ai{z) ± iA 2 (z) 
and B±(z) = Bi(z) ± iB 2 {z). 

By factoring out the spin-1 current and four spin-4 currents from the above large A/" = 4 
linear superconformal algebra, the large AA = 4 nonlinear superconformal algebra (where 
the OPEs between the spin-| currents are nonlinear) is obtained. For example, the spin-| 
currents of large A/" = 4 nonlinear superconformal algebra are written in terms of the fields in 
the linear version as follows: 


Gii{z) — 

+ 

Gi2{z) = 


G 


11 


2i 


(5 + fc) 
G 12 + 


(5 +fc) 

E 21 A+ ■ 


f/Eii - 


2i 


2i 


G2i{z) — 


{5 + k) 

G21 + 


{5 + k) 

F 22 A+ ■ 


{5 + k) 


{5 + k) 


UF 2 - 


{5 + k) 


F 12 B- 


-F 12 E 21 E 11 


2i 


{5 + k) 


Ell A 3 


2i 


(5 ky 


2i 


{5 + k) 
F12F11F22 
2i 


E 11 E 3 


{z): 


2i 


{5 + k) 


F 2 A 


12^3 


(5 + ^) (5 + fc)^''^' 


{z), 


UF, 


21 


{5 + k) 


-T 21 E 11 T 22 


2i 


{5 + k) 


E 21 A 3 
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+ 


G22{z) = 


2i 


{5 + k) 
G 22 - 
2i 


FnA. 


2i 


{5 + k) 


{5 + k) 

FuA. - 


{5 + k) 
UF 22 - 
2i 


F22B- 


2i 


{5 + k) 


F21B3 


4 2i 


2i 




W- 


( 2 . 2 ) 


One can also write down the spin-| currents in the linear version in terms of the fields in the 
nonlinear version using (I2.2p and the equations (3.6) and (3.10) of Part I (by writing down the 
spin-1 currents in the linear version in terms of the spin-1 currents in the nonlinear version 
plus spin-1 current terms) §. 

One has the following explicit relations between the spin-| currents with 5'0(4) indices 
and those with SU{2) x SU{2) indices 


G%z) 

— --^{Gi2 - G2i){z), 

G^{z) — -^{Gii + G 22 ){z), 


G\z) 

= -^{Gll - G22 ){z), 

G^{z) = --^{Gi 2 + G 2 i){z). 

(2.3) 


Similarly, one has the following relations for the spin-i currents 


F°{z) = 

F\z) = +(Fn + Fzz)(z), 


F+) = -^(Fn-FzMz), 

F\z) ^ -+{F,, + FzMz). 

(2.4) 


These relations fl2.3p and fl2.4p will be used later to describe the OPEs in Appendix D. 

The U{1) charge can be obtained from the coefficient of the hrst order pole in the OPE 
between the U{1) current {—2i'yA3 — 2i{l — ^)B 3 ){z) and each primary held (t){w). This U{1) 
current appears in the half of the second order pole of 021 ( 2 :) 012 ( 11 :) in Appendix A. One 
describes the whole 0(1) charges for 16 currents from the large A/" = 4 linear super conformal 

^The remaining seven currents in the nonlinear version have the following relations with those in the linear 
version: 

f(0 = T{z) + j^^iUU + dF<^FAiz), 

Mz) = Mz)-j^^atiF‘^F\z), 

B.{z) = B,{z)-j^^a-JF<^F\z). 

Also using these relations, one can express the fields in the linear version in terms of those in the nonlinear 
version. The fields in the nonlinear version have trivial OPEs between the spin-1 current U{w) and the four 
spin-i currents Fa{w). 
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algebra and two 16 higher spin cnrrents in Table 1. One can construct any composite helds 
with definite U{1) charge based on this Table 1. Although the 48 currents have different 
U{1) charges compared to the ones in the nonlinear version, one realizes that their behaviors 
appearing in all the OPEs in this paper are the same. In other words, one can consider the 
extra composite fields due to the four spin-^ currents and one spin-1 current in addition to 
the Tables (with the presence of the corresponding composite fields in the linear version) in 
Part I. 


17(1) charge 

16 currents and 32 higher spin currents 

{2+2k) 

(5+k) 

U?’; Q™ 

1 

G 2 I, F 21 ; 

T^2)^ 

(-3+/e) 

(5+fc) 

Gill Fii, 

Ud); Q(i), 

8 

(5+fc) 

7l_; 

0 

As, R 3 , U, T; TW, 

W^''^ W^T; 

8 

{5+k) 

A+; 

(-3+k) 

(5+k) 

G 22 ) F 22 ; 

V(f), R(i), R(^) 

-1 

Gi2, Fi2', 


(2+2k) 

{5+k) 

B+; 


Table 1: The U{1) charges for the 16 currents from the large TV = 4 linear superconformal 
algebra and two 16 higher spin currents. The first 18 upper currents with positive {k > 3) 
U{1) charges have their conjugated currents with each opposite (negative) U{1) charge. 


3 The higher spin currents where the lowest spin is 1 
in the coset 


Let us construct the 16 lowest higher spin currents. 

One has the two results given in (4.9) and (4.13) of |5] where the two higher spin-| currents 
in the nonlinear version are generated. Then one considers the spin-| currents G 2 i{z) and 
Gi 2 {z) in the large A/" = 4 linear superconformal algebra and they act on the lowest spin-1 
current T^^^(t(;). From the explicit expressions in terms of WZW currents living in SU{5), 
(2.21) corresponding to G 2 i{z), (2.24) corresponding to Gui^z) and (4.7) corresponding to 
TA)(t/;) of |S], the OPEs between them can be obtained and it turns out that 


( Gu 
[ G21 


(z) T^^\w) 



Gu 

G 21 


+ 2T 



(w) + • • •. 


(3.1) 
























This is the same as its nonlinear version and each higher spin-| current in fl3.ip contains 31 
terms consisting of multiple product of spin-| current Q°‘{w) and the spin-1 current V^{w) (the 
indices a, b run as a, 6 = 1, 2, • • •, 24) introduced in [H]. One expects that as one generalizes 
the spin-1 currents and higher spin-1 current for N = 3 to satisfy for general N, the OPEs 
for general N have the same form as fl3.ip with the corresponding higher spin-| currents for 
general N. There will be no (A^, k) dependence in the right hand side of the OPE. 

What about other higher spin-| currents? Once again (4.20) and (4.34) of [S] describe 
the corresponding higher spin currents in the nonlinear version. Starting from (2.11) of [5] 
associated with Gii{z)^ (2-12) of [5] associated with (j 22 (^) and (4.7) of [5] corresponding to 
T*'^^(z/;), the following OPEs can be obtained 





{z — w) 



(»') + ■■■ 


(3.2) 


These OPES are exactly the same forms as the ones in the nonlinear version. Moreover, 
each higher spin-| current contains 26 terms written in terms of the above Q'^{w) and V^{w) 
(and their derivatives). The relative coefficients in the right hand side of fl3.2p are numerical 
constants and one expects that the OPEs of fl3.2p for general N remain unchanged discussed 
as before. 

Let us move on the next higher spin currents. The equation (4.16) in [5] determines the 
higher spin-2 current. Now one considers the similar OPEs in the linear version. The spin-| 
currents of large W = 4 linear super conformal algebra are given in [5] as before and the higher 
spin-1 currents are determined via (13. ip . From these explicit expressions, it turns out that 


^12 

^21 


(2)t3>(w) = T 


8(1+ A^) 


{z — w)^ (5 -I- k) 


+ 


+ 


[z — w) 
1 


8i 


{5 + k) 




{5 + k) 


'j'(i) 


Iw 


z 


w] 


-d (pole-2) T ^ T 


(w) + 


(3.3) 


Recall that the equations (2.16), (2.33) and (2.39) of Part I provide the currents A^{w), 
B^{w) and T{w) living in the large A/" = 4 linear super conformal algebra respectively. In the 
hrst order pole of fl3.3p . the hrst term denotes the derivative of second order pole of fl3.3p . 
Compared to the corresponding OPEs in the nonlinear version, the field contents are the 
same but the structure constants appearing in the right hand side are different. The higher 
spin-2 current in fl3.3l) contains 64 terms written in terms of Q°‘{w) and V^{w) (and their 
derivatives). One expects that the corresponding OPEs for general N have {N, k) dependence 
in three places of (13.31) explicitly. 
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The footnotes 48 and 49 of [5] determine other two higher spin-2 currents and the corre¬ 
sponding OPEs from the higher spin-| currents obtained in fl3.2p can be summarized as 



(n;) = 


+ 


8i 


{z — wY (5 -|- k) 


A^{w) 


{z — w) 


-d (pole-2) 


U 

V 


( 2 ) 

( 2 ) 


(«;) + •••. (3.4) 


Recall that the A±{w) appearing in the right hand side are obtained from the equation (2.13) 
of [5]. The second order pole of fl3.4|) has different structure constant compared to the ones 
in the nonlinear version and depends on (A^, k) dependence for general N. Each higher spin-2 
current contains 28 terms written in terms of Q°'{w) and V^{w) (and their derivatives). 

Similarly the footnotes 47 and 50 of |5] determine other two higher spin-2 currents and 
the corresponding OPEs from the higher spin-| currents obtained in (13.21) can be described 
as 


( Gu 
[ G21 



{w) = 


+ 


2i{l + k) 


{z — wY (5 -|- k) 
1 


B±{w) 


w] 


1 / 

-d (pole-2) + f ^ 


( 2 ) 


+ 


(«;) + •••. (3.5) 


Recall that the B±{w) appearing in the right hand side are obtained from the equation (2.31) 
of [5]. Each higher spin-2 current in fl3.5p contains 42 terms written in terms of Q°‘{w) and 
V^{w) (and their derivatives). The second order pole of (13.51) has different structure constant 
compared to the ones in the nonlinear version and depends on {N, k) dependence for general 
N as before. 

The equation (4.48) of [5] determines the remaining higher spin-2 current. From the higher 
spin-1 currents determined in (13.2p . one has the following OPEs 


( Gn 

G22 



w 


= ±- 


8 (1+ k) 


w 


(5 + fc) 


+ 


+ 


8i 


(z — wY 

1 

(z — w) [2 


(5 + fc) 


A?, 


2i(l + k) 
(5 + fc) 


^3 + 


Un 


-a (pole-2) ± ± T 


(w) + 


(3.6) 


Compared to the OPEs in the nonlinear version, the helds contents in (13.6p are the same form 
but the structure constants have different forms. Note that the footnote 13 of m describes 
the primary current W^'^Yw) while the higher spin-2 current is a quasi primary held. 
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The higher spin-2 current in fl3.6p contains 76 terms written in terms of Q°‘{w) and V^{w) 
(and their derivatives). 

The equation (4.31) of [S] determines the higher spin-| current. From the explicit expres¬ 
sions appearing in the OPEs in fl3.4p . one can construct the following OPEs 


2(3 + fc) 


{z — w)"^ (5 + k) 



iw 


+ 


w) 


-d (pole-2) + 


vd) 

Ud) 


( to ) + ■ • • 


(3.7) 


Compared to the corresponding OPEs in the nonlinear version, the held contents are the 
same but the structure constant in the second order pole behaves differently. Furthermore, 
the second order pole contains the overall k dependent factor. Note that the corresponding 
nonlinear version does not have this kind of behavior. There is no common factor in the 
second order pole in (4.31) of [5]. We will see this feature in next section. Dehnitely this 
structure constant depends on {N, k) explicitly for general N. The higher spin-| currents in 
fl3.7p contain 283 and 279 terms written in terms of Q°'{w) and V^{w) (and their derivatives). 

Again the equations (4.52) and (4.55) of Part I determine the remaining higher spin-| 
currents. With the help of fl3.6p . one can calculate the following OPEs 


( Gi2 
G21 


(z) w(2)(«;) 


-3 + /c) 


{z — wy 2(5 + k) 


{z — w) [3 


-d (pole-2) + W 



(3.8) 


The higher spin-| currents in fl3.8p contain 279 and 287 terms written in terms of Q°‘{w) and 
V^{w) (and their derivatives). One cannot compare the above OPEs and the equation (4.52) 
of [5] directly because the higher spin-2 current in the nonlinear version is a quasi primary 
current. As before, the second order pole contains the overall k dependent factor. Recall that 
the (/c —3) factor can be written in terms of [k'^ — k~) = (/c + 1) —(iV + 1) = (k — N) for general 
N [H]. Therefore, for k~^ = k , there is no second order pole in (13.8p . The combination of 
spin-1 currents and higher spin-| currents will appear in next section. 

Let us describe the final higher spin-3 current. The nonlinear version appears in the 
equation (4.59) of [5]. With the help of (13.8p . one can construct the following OPEs 



z) W^y\w) 


= T 


8(-3 + k) ^(i^^ 


(z — wy 3(5 + k) 
4(-3 + fc) 
3(5 +A:) 


w) 


w] 


+ 4W^^^ 
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+ 


1 n 
(z — w) [4 
4(-3 + k) 
(17 + 13fc) 


d (pole-2) + 

[ _ l 52 rp(l) 

V 2 


(t«) + ---. 


(3.9) 


The field contents are different compared to the nonlinear version but the right hand side is 
simpler than the one in the nonlinear version. There are no nonlinear terms in the second 
order pole of fl3.9p . Furthermore, one regards the first order pole except the derivative term as 
a quasi primary field because the last two terms is a quasi primary field. We will describe this 
issue further in next section. The higher spin-3 current in fl3.9p contain 1130 terms written 
in terms of Q°‘{w) and V^{w) (and their derivatives). As explained before, the {k — 3) factor, 
emphasized by a boldface, appears in the higher spin-1 current dependent terms in the third 
order and the first order poles. In particular, for k~^ = k~, there is no nonlinear term in the 
OPE of (13. 9 p and the coefficient of T^^^(t(;) vanishes. 

In Appendix B, the precise relations of the higher spin currents in the nonlinear version 
and those in the linear version are presented. 


4 The OPEs between the 16 currents in the large J\f = 
4 linear superconformal algebra and the 16 lowest 
higher spin currents 


In order to compare the results in [9], one should calculate the OPEs between the 16 currents 
in the large A/" = 4 linear superconformal algebra and the 16 higher spin currents found 
in previous section. The complete OPEs between them are presented in Appendix C. In 
Appendix D, the fourth equation in Appendix D.l is the definition of their higher spin-| 
currents for given higher spin-1 current and the four spin-| currents. The four spin-| currents 
have explicit relations in (12.3p . From the results of Part I [5] (or (13. 2 p and (13.ip ). one has the 
following OPEs 


Gii 

G22 


G 


12 

21 


(z)T(^)(u;) = 


{z — w) 
1 

{z — w) 


With the identification of Vq^\w) = 


± 

+ 

a 


Gii 

G22 

Gu 

G 21 


+ 2 


U(i) 

vd) 


+ 2T 


(!) 


w) + 


(4.1) 


one can make the linear combinations from 


fl4.ip with the help of fl2.3p . By reading off the first order poles in fl4.ip and in the fourth 


"‘Strictly speaking, the exact relation is given by 


12 





















equation of Appendix D.l, one obtains the higher spin-| currents in [9] in terms of the spin-| 
currents and the higher spin-| currents as follows: 




(i),o. 


z = 


i 

71 


Gi2 — G 


21 


f-) 

iV 2 


2TA^ + 2T1^^ 


^ (Gu - G 22 + 2U(t) + 2V(i) 
\/2 

(Gii + G 22 + 2U(i) - 2V(i) 

+ 2T 






(1),2, 


Z) = 


= -_(-Gi2 + G21+2T 


I 

71 

1 


(I) 


(I) 


7 )- 


(4.2) 


Let us identify other higher spin currents. The eighth equation of Appendix D.l implies 
that one should calculate the OPEs between the spin-| currents and the higher spin-| currents 
in fl4.2p . When the indices (a, 6) of the eighth equation of Appendix D.l become (a, 6) = 
(0,1), then the right hand side of the hrst order pole is given by —~ 7^^’ ^)('^)- 
Furthermore the indices are given by (a, 6) = (2,3), then the hrst order pole is given by 
1(1/^*'^^’^ + 7^^’ ^)('^)- fh® other hand, one can express the relevant OPEs from the 
relations fl4.2l) and the dehning OPEs between the spin-| currents in the large A/" = 4 linear 
super conformal algebra. For the former, one has the relevant OPEs given by (13.4p and (I3.5p . 
For the latter, one has the following OPEs 





+ 


2i{l + k) 


{z — wY (5 + k) 


B^(w) 



{z — w) 

1 


-d (pole-2) 


U 

V 


( 2 ) 

+ 

( 2 ) 


(in) + 


8z 


[z — wY (5 -|- k) 


A±{w) 


+ 


(z — w) 


-d (pole-2) 


U 

V 


( 2 ) 

( 2 ) 


(in) + 


(4.3) 


These are obtained from the relation (13. ip and the result on the spin-| currents from Part 
I. Eventually, one can write down Vi^'^'^^{z) as a linear combinations of U±7) V±7) 

which will be shown later. 

Similarly, when the indices (a, h) of the eighth equation of Appendix D.l become (a, h) = 
(0, 2), then the right hand side of the hrst order pole is given by —— 7^^’~^)(in). For 
the indices (a, fe) = (1,3), then the hrst order pole is given by — 

can write down Vi^'^’^‘^{z) as a linear combinations of U±7) ^±7) analyzed before 

(SD- 
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Finally, when the indices {a,b) of the eighth equation of Appendix D.l become {a,b) = 
(0,3), then the right hand side of the first order pole is given by —For 
the indices (a, b) = (1, 2), then the hrst order pole is given by For the 

former, the relevant OPEs are described in fl3.3p . For the latter, one has the OPEs in fl3.6p . 
One can write down as a linear combinations of and Therefore, 

the explicit higher spin -2 currents have the following relations 



= 2z(U^")-Vi"))(2), 



= -2(ui")+vl"))(z), 



= ±2z(t(2) ^ (z). 

(4.4) 


Let us move to the next higher spin-| current. When the indices {a,i) of the thirteenth 
equation of Appendix D.l become {a,i) = (3,3), then the nonderivative term in the right 
hand side of the hrst order pole is given by — |F 3 ^^’*^('w)- Then the relevant OPEs are given 
by fl3.8l) and furthermore one can calculate the following OPEs 



w = 


+ 


{z — wY 2 
1 1 



(n;) 


w)?> 


d (pole- 2 ) (w) 


(4.5) 


f 1) 0 {”) 

One realizes that one can write down Vg (z) as a linear combinations of W± (z). 

2 

When the indices (a, i) of the thirteenth equation of Appendix D.l become (a, i) = (0, 3), 
then the nonderivative term in the right hand side of the hrst order pole is given by |V 3 ^^’^('iy)- 

(-) ^ 

z) as a linear combinations of ( 2 ;) as analyzed 


hi),3, 


In this case also, one can write down V 3 

2 

before in fld.Sp . 

When the indices (a,z) of the thirteenth equation of Appendix D.l become (a, z) = 

( 0 , 2 ), then the nonderivative term in the right hand side of the hrst order pole is given 

by In this case, the corresponding OPEs are given by fl3.7p . Similarly, for the 

indices (a, z) = ( 0 , 1 ), the nonderivative term in the right hand side of the hrst order pole is 

given by ^y 3 ^^’^(w). Then the remaining higher spin-| currents can be written in terms of 
^2 ^ ^ ^ 

the linear combinations of U^ 2 )(.^) and V*^ 2 )(z). Therefore one obtains the following simple 
relations 



2 


-2iV2 





-2iV2 (U^ 



vP’\z) = - 2 V 2 - V(t)) {z), 

yW’3^z) = 2 V 2 (z). (4.6) 
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Let us consider the final higher spin-3 current. According to the OPE between the spin-| 
currents and the higher spin-| currents in Appendix D, the first order pole with the indices 
(a, 6) = (0,0) provides the higher spin-3 current which is a quasi primary field. One 

has the OPEs (13.91) . Then by examining the first order pole, one arrives at the final relation 



(^) 


4 


+ 


4(-3 + k) 
(17+ 13fc) 



(z). 


(4.7) 


When k = 3, this quasi primary field becomes a primary one. One can check that using the 
right hand side of fl4.7l) instead of using itself allows us to remove all the nonlinear 

terms appearing in Appendix C. Some of nonlinear terms in Appendix F will disappear if 
one uses V 2 ^\w) rather than It would be interesting to see their precise relation in 

the Af = 4 superspace. 


5 The higher spin currents where the lowest spin is 2 
in the coset 


In order to the complete OPEs between the lowest higher spin currents, one should find out 
the next higher spin currents fll.2p as in Part II [8]. 

The higher spin-1 current has the same form as the one given in Part I [5] in the nonlinear 
version fIB.ip . From the explicit results in fl3.7l) . one can calculate the following OPEs 



I2k 


= T 


+ 


{z — w)^ (5 + k)"^ 
1 



w 


—d (pole-3) + 


4i(6 + k) 


+ 


4(-3 + h) 
3(5 + k) 
4{-3 + k) 
3{b + kf 
Ai{3 + 2k) 


+ 




3(5 + fc)2 
8(-3 + fc) 

3{3 + ky 

4f(3 + 2k) 
3(5 + fc)2 

4z(6 + k) ! Fi2 
F21 




(5.1) 


Compared to the corresponding OPEs in the nonlinear version, the second order pole does 
not contain the higher spin-| currents. Of course, the extra terms due to the spin-| currents 
and the spin-1 current in the linear version of this paper occur in the above OPEs. In the 
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basis of fl4.6p . the higher spin-1 current transforms the higher spin-| current into 

the higher spin-| current and vice versa. 

2 

Similarly, from the explicit expression in fl3.8p one can calculate the following OPEs 




( 1 ), 


I2k 


w) = T- 


w) 


{5 + ky 


F 21 

Fi2 


(tn) 


+ 


{z — wY 
4(-3 + fc) 
3(5 +A:) 
4(-3 + fc) 
3(5 + fc)3 
4z(3 + 2k) 
3(5 +A;)2 
1 


—d (pole-3) + 


4i(6 + k) 


G21 

Gi 2 

F21 

Fi2 

Ell 

F 22 


+ 


3(5 +A:)2 
8(-3 +A;) 


U 


3(5 +A:)2 

4z(3 + 2k) 


F 21 
El 2 

E21 

Ei 2 


El 


E11E22 + 
I A 


w] 


±W 


(!) 




)'. 2 ^ 


3(5 + A;)2 
4i(6 + k) ( F 22 

Ell 


3(5 +A;)2 

(w) + ■ ■ ■. 


E21 

Ei 2 

^ B 




T 


{w) 


(5.2) 


In this case also, the higher spin-| currents are not present in the second order pole. In the 
basis of fl4.6p . the higher spin-1 current transforms the higher spin-| current V3^^’°(tc) into 

the higher spin-| current V 3 ^'^’^{w) and vice versa. 

In order to obtain the next higher spin currents, one should calculate the spin-| currents 
and the higher spin-| currents obtained before. Let us take one of the spin-| currents in the 
large A/" = 4 linear superconformal algebra and the higher spin-| current from fl5.2p . It turns 
out that 


G2i{z)P^^^\w) = - 

V 

8(27 + 9A: + 2fc2) 
3(5 +A:)3 


w) 


8(-3 + 4z(18 + 5A:) , , 4*A:(21 + 4k) ^ 

—rrr. -7^ i ^ ^-77-H- 


^P^^\w) + 


E11E22 
1 


3(5 + k) 

8{-3 + k){9 + 2k) 
3(5 +A:)3 


(5 + A:)^ 


3(5 +A:)^ 


EioEs 


12A: 


12-^21 


[Z — W) 

6i{18 + 5k) 

~ {5 + k){17 + 13k) 

18k 

~ {5 + k){17 + 13k) 
4{-3 + k){9 + 2k) / 
^ (5 + A:)2(17 + 13A;) V 


w 


lap(2) + + ( 

4 (17 + 13^)1 


(5 + A;)2 
1 


U 


{w) 


_52'J'(1) j _|_ p(3) 


EAi - -d'^A- 


1 

—( 
2 


+ 


2zA;(21 + 4A:) 


TU--d‘^U] - 
TF12F21 


{5 + k){17 + 13k) V 
4(27 + 9A: + 2A:2 


f TBs - -d^Bs 


(5 +A:)2(17+ 13A:) 


EE11F22 - -9IE11E22: 


'-d^{F,2F2i] 


{w) + 


(5.3) 


Note the appearance of the factor {k — 3) in the higher spin-1 current. The corresponding 
terms in the nonlinear version appear in the above OPEs also. The last three extra expressions 
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in the first order pole are quasi primary fields. Note that the higher spin-2 current is 

not equal to the one in the basis of [9]. The explicit relation will be described in next section. 
Now one considers the following OPEs with the explicit results in fIS.ip 



'Aik{2l + Ak) ^ ?,2k{‘i + k) 


T 


{z — wY 
4f(33 + 13A:) 

3(5 + A:)3 
2(21+ 5A:) 
3(5 + A;)2 
4(6 + k) 


'16(3 +fc) 

u® \ 

_ 3(5 + k) 

Vi-' ) 


+ 


3(5 +A;)2 

4(-3 + fc) 

3(5 +A:)2 




3(5 + fc)3 


■A^B^ 






8i(3 + k) 


B^FiiF22 + 


(5 +A:)3 

4(9 + 5/c) / 5+11+21 
\ 5+22+12 


+ 


3(5 +A:)3 

4i(15 + Ik) 
3(5 +A;)3 
4(39 + llA;) 


/ +11+21 
\ +22+12 

+ 11+21 \ 
+ 22+12 / 


+=p+12+21 




3(5 + fc)3 

4(33 + m) / +11+21 
' F22F^2 


+ 115+21 

+225+12 


3(5 +A:)3 
2zA;(21 + Ak) 


{z — w) 

16A:(3 + k) 

' (5 + A:)2(17 + 13A:) 


_I 'Y' ^ 

{5 + k){17+13k)\ ^ 



11^21 — |5^(+ii+2ij 

++22+12 - ia2(+22+i2) 


(ic) + ---. 




(5.4) 


Compared to the corresponding OPEs in the nonlinear version, the nonlinear term between 
the higher spin current and the currents from the large A/" = 4 linear super conformal algebra 
does not appear in the OPE. The last expression containing the spin-^ currents in the first 
order pole is a quasi primary field. 

Now one can consider the following OPEs where the spin-| currents are interchanged in 
the left hand side of fl5.4p 



4z(18 + 5A:)^ ^ 16(9 + A:) 


+ 


{Z — tc)2 

4z(-3 + A;) 
' 3(5 + A:)3 

8(6 +A:) 
3(5 +A:)2 
2(15 +A;) 


8(9 +A;) 


3(5 + k) 

V® j 


ty)3 [ (5 + A:)2 
4(-3 + A;) 


(5 + ky^ 


3(5 +A;)2 





{z — w) 



4t{9 + k) 

^ tsW * " “ 

4(21 + k) ( 5+11+12 ^ 
I 5+22+21 


3(5 + A;)3 
8i(15 +A;) 


^"11+12 I 
+22+21 J 

( All+12 
F 22 F 21 


± 


3(5 +A:)3 
4(51 + 7k) 


yl±+i2+2i 


6^(18 +5A:) 

(5 + A:)(17+13A:) 


3(5 + A:)3 

^"11+12 
F 22 F 21 


+115+12 

+225+21 


(IW) 


TA 
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-52 A 
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± 


24(9 + k) 


TFnFi2 - |a2(FnFi2) 


(w) + 


(5.5) 


(5 + kY{17 + 13k) \ TF 22 F 21 — {F 22 F 21 ) 

As in previous OPEs, the nonlinear term in the corresponding OPEs in the nonlinear version 
does not appear in the second order pole. 

For the last unknown higher spin-3 current, one considers the following OPE 
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221,^) Q 

12k 

(5 -|- k)"^ 
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4(39 + llA:) 
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4(33 + 13A;) 

3(5 +A;)3 
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4(33 + 13A:) 
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4(-3 + k) 
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18A: 
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(5 + A:)2(17 + 13A:) V 
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TA 3 - yd^A- 


1 

-( 
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TFnF22 - -d^(FnA 


22 , 


( TF12F21 — - 9 ^(Si 2 p 2 i 


(5.6) 


In the first order pole, one sees the nonlinear term between the higher spin-1 current and 
the spin-2 stress tensor from the large M = A linear superconformal algebra. Note that in 
Appendix (7, the OPE between G 22 {z) and U^t^(ta) contains this kind of nonlinear term in 
the first order pole. Therefore simply adding the higher spin-| current U^i^(tc) to the left 
hand side of the OPE (15.6p will eliminate the above nonlinear term because they have opposite 
signs. 

So far, the four higher spin-| currents and the six higher spin-3 currents are obtained. 
The remaining four higher spin-| currents and one single higher spin-4 current will be present 
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in Appendix E. Contrary to the previous section, the exact relations between the higher spin 
currents in fll.2H and those in [9] are complicated because the precise relation between the 
lowest higher spin-2 currents is rather involved and this will further give rise to the complexity 
as the spin increases. 


6 The OPEs between the 16 currents in the large J\f = A 
linear superconformal algebra and the next 16 lowest 
higher spin currents 


Because the 16 currents of large J\f = 4 linear superconformal algebra and the 16 next higher 
spin currents are known in terms of the coset helds, it is straightforward to obtain the OPEs 
between them. For example, the previous OPEs, fl5.3p . fl5.4p . fIS.Sp . and fl5.6p are some of 
those OPEs. The right hand side of these OPEs contain the nonlinear terms. On the other 
hands, the description of [S] implies that there exist linear OPEs between the 16 currents of 
large TV = 4 linear superconformal algebra and the 16 next higher spin currents. 

Recall that the lowest higher spin-2 current [9] living in the next 16 higher spin currents 
has the same form in the linear and nonlinear version. Then it is easy to obtain their higher 
spin-2 current in terms of the higher spin-2 currents (and some composite helds) of this paper 
by requiring that the higher spin-2 current should satisfy the hrst three equations of Appendix 
D.l. It turns out that one obtains 




P(2) _ 4^(2) _ 4(fc-3) ,,, me- + + 783) 

‘iru , 5(fc + 5)2 


3(A: + 5) 




4(A; + 3)(5A; + 34) 4(5fc + 24) 4i{5k + 24) 

— -V7-;— . -NO - T -———AqA-j-—— . 


3 (A: + 5)2 3{k + 5y 

8i{k + 15) . „ „ , 4i{k + 9) 

- ^3-^11^22 + 


-dA, 


3(A; + 5)3 
4(5A: + 24) 
3(A; + 5)2 


3(A: + 5)^ 
4i{5k + 57) 


-A3F12F21 + FiiFu 

(^ + 5)3 3 12 21 w 3^^ ^5^3 - 11 12 

4 {9k‘^ + 70A: + 102) 4i {9k‘^ + 70fc + 1 

15(A; + 5)2 ^ ^ 15(A: + 5)2 

(9P + 80fc + 177) „ ^ ^ 4z(6P + 55A; + 113) „ ^ ^ 

- THkTW - ^ ^^ 


A, A_ 


dB. 


- 1 Foo - 

^ 5 (fc + 5)3 

8i (9P + 65fc + 132) „ ^ ^ 4 (9P + 70A: + 102) „ „ 

15(A: + 5)3 + 


-B_Fi 2F22 
4i (6P + Q5k + 143) ^ 10{k + 3) 


15(A; + 5)2 

_^ 8 (9P + 80fc + 127) 

3(A: + 5)2 5(A: + 5)4 

2 (77P + 630A: + 1401) ^ ^ ^ 2 {77P + 810k + 2301) 

-Poo -I- - 

15(A; + 5)3 


5 (fc + 5)3 
+ 6307 
15(7;+ 5)3 


-FnaF22 


19 





























{k + hf 

4 

+ t:; - —F21G12 


^ ^ 2(77fc2 + 780A: + 1671)^^^ ^ , 14 (llfc^ + lOOfc + 273) ^ 

-^12^21- TTTi — ^NQ - 0^12^21 H--ttt;- ^^90-t‘ 


15(A: + 5)3 
4(2A; + 9) 


15(A; + 5)3 


21 


12z 


{k + 5) 

4(A; + 3)(5fc + 34) 
3(A: + 5)3 


+ (4 + 5)= 


,,,, , 16(*-3)„p + 

+ 3(4T5F “ ■ 


M3- 

12 

{k + 5) 


Aik 
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( 6 . 1 ) 


Therefore, one can check that the OPEs between the 16 currents of large M = A linear 
super conformal algebra and the higher spin-2 current can be obtained from the coset 

fields and they will exactly produce the OPEs between the 16 currents and Vq^\w) 4- • • • (= 
P^^^(tc)) in fl6.ip . 

The four higher spin-| currents [9] can be written in terms of cost fields because the higher 

spin-2 current is given in fl6.ip and also further can be written in terms of other higher spin 

currents as in Appendix E. Then the OPEs between the 16 currents in the large M = A linear 

super conformal algebra and the four higher spin-| currents, P± (ta), Q2 {w) and ROi(t(;) can 

be obtained from the results in [9] and Appendices A and C. On the other hands, they can 

be also obtained from the explicit expressions for the coset fields. In this case, the nontrivial 

thing is to identify the OPEs in terms of the known 16 currents and higher spin currents 

(and their derivatives). Again the eighth equation of Appendix D.l allows us to obtain the 

six higher spin-3 currents, Vi‘^'^'~^^{w) and Vi‘^'^~^{w) from the previous higher spin-| currents, 

Vi^^’°‘{w) as done in section 4. Then the corresponding OPEs between the above 16 currents 
2 

and the six higher spin-3 currents will be obtained by following previous procedure. In this 
way, one can obtain the OPEs between the above 16 currents and the single higher spin-4 
current which is the last component of the 16 next lowest higher spin currents. 


7 The OPEs between the higher spin currents where 
the lowest spin is 1 

The full OPEs for these are given in Appendix F. When the OPEs for low spins are calculated, 
one follows what has been done in the nonlinear version. In other words, because the 16 
currents and the 16 higher spin currents are known in terms of coset fields explicitly, after 
calculating the OPE, the right hand side of the OPE is written in terms of the coset helds. 
Then one should rewrite them in terms of the above known 16 currents and 16 higher spin 
currents by assuming the possible composite fields with definite U{1) charges introduced in 
section 2 together with arbitrary coefficient functions which depend on k. All the results in 
Appendix F are done by using this procedure explicitly. 
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On the other hands, one can use the results of Part I and Part II in the nonlinear ver¬ 
sion because the above 16 currents and 16 higher spin currents in the linear version have 
the corresponding currents in the nonlinear version. For example, let us consider the OPE 
(w). The higher spin-1 current has the same form in the linear and nonlinear 

/3\ 

versions. The higher spin-| current is given in the last expression in (IB.2j) where can 

be written in terms of plus other six terms which depend on the spin-| current, 

the spin-1 current, the other spin-1 currents Ai{w) and Bi{w) living in the nonlinear version. 
Now one should calculate the OPE between and T^^non('U’)- However, this was done 

in Part II already but the right hand side is written in terms of the held in the 

nonlinear version. Therefore, one should rewrite this in the linear version using the hrst ex¬ 
pression in (1B.2P where all the expressions are given in terms of the helds in the linear version. 
Now one should calculate the OPE between the TH)( 2 ;) and other six terms mentioned above. 
By the dehnition of the higher spin-1 current, the four spin-| currents and the spin-1 current 
do not have any singular terms in the OPE with the higher spin-1 current. Furthermore, the 
higher spin-1 current does not have any singular terms with the above spin-1 currents, Ai{w) 
and Bi{w). Then there is no contribution from the OPE between the and other six 

(3) ^3^ 

terms. Therefore, the OPE (ti?) has the first order pole given in T^^^non('^) 

this should be written in terms of the helds in the linear version using flB.2D . Then the explicit 
result is given in Appendix F. Some of the structures (the composite helds of spin-|, spin-4, 
spin-1 or spin-5) in the OPEs of Appendix F are not presented but they can be obtained 
using this procedure. 

There are three cases in Appendix F. The hrst case is that the right hand side of the 
OPEs do not have the higher spin currents but they have only the multiple product (including 
the derivatives) of the 16 currents of large V = 4 linear superconformal algebra. The second 
case is that the right hand side of the OPEs contains the higher spin currents in fll.ip or the 
higher spin currents fll.2p as well as the composite helds from the 16 currents. The third case 
is that the right hand side of OPEs possess the higher spin currents in (II.ip and in (II.2p as 
well as the multiple products in the above 16 currents. 

One realizes that any OPE between any higher spin current and itself does not contain the 
higher spin currents in the right hand side. The only exception is the higher spin-3 current. 
Moreover, the OPEs between U 2 ( 2 ;)[V 2 (z)] and any other component fields in the second 
[third] J\f = 2 multiplet do not contain any higher spin currents in the right hand side. Some 

3 

the OPEs containing TH)( 2 ;) or T^{z) do not have the higher spin currents in the right hand 
side from Appendix F. One sees that the OPEs between the second components of V = 2 
second, third or fourth multiplets do not have the higher spin currents in the right hand side. 
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Similarly, the OPEs between the third components of these M = 2 multiplets contain only the 
16 currents in the large = 4 linear super conformal algebra. Finally, the OPEs between the 
higher spin-1 current and the higher spin currents of integer spin do not contain the higher 
spin currents in the right hand side. 

If one use the OPEs and in different basis, then the 

2 2 

( 3 ) ^ 3 ^ 

right hand side do not contain the higher spin currents {w) in the OPEs of 

Similarly, the OPEs e/ and remove the higher spin cur- 

2 2 

rents and which appear in the OPEs and 

Some of OPEs contain the higher spin currents (w) or (w) in the right hand side where 
there are no other types of higher spin currents. For example, the OPE between and 

(tc) has only the higher spin current Q\ (w) in the first order pole. Most of the OPEs 
have both the lowest higher spin currents and the next lowest higher spin currents as well as 
the 16 currents in the large A/" = 4 linear superconformal algebra in the right hand side of the 
OPEs in general. 


8 Conclusions and outlook 


The main result of this paper is the fact that the OPEs between the 16 lowest higher spin 
currents and itself (presented in Appendix F) do not have any nonlinear terms between the 
16 currents from the large A/" = 4 linear superconformal algebra and the 16 lowest higher spin 
currents except few cases. For the nonlinear version, this kind of nonlinear terms occurs in the 
corresponding various OPEs. In particular, for the OPEs where the left hand side contains 
the higher spin-3 current there exist the nonlinear terms containing the higher spin- 

1 current One can easily see that these nonlinear terms disappear once one uses 

the higher spin-3 current (quasi primary held) dehned in (14.711 . Note also that the OPE 
V 2 ^\z)V 2 ^\w) corresponding to the OPE does not contain the nonlinear 

term in the fourth order pole because the contribution from the extra terms in 

(14.711 cancel exactly. 

Among the OPEs between the higher spin-| currents and the higher spin-| currents, 
the different kind of nonlinear terms occur: TTA)(t(;). Specihcally, there are four OPEs, 


T± 




z)W^^^(w), U( 2 )(^) V( 2 )(m;) and V( 2 )(^)U 2 {w) from Appendix F. Also these nonlin¬ 
ear terms can be removed by using the higher spin-| currents (14.2p and the higher spin-| 
currents (14. 6 p which are primary fields. In other words, the first order poles of the fol¬ 
lowing OPEs do not contain the above nonlinear term: Vi^^’°( 2 ;) 

Ef ^’°(t/;), vP’\z) vP'\z) vP’\z) 
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and Vi ' (z) V 3 ' (w). So far, the nonlinearity in the OPEs disappears if one uses the higher 
2 2 

spin-3 current in the quasi-primary basis. It would be interesting to obtain the precise re¬ 
lation between the nonlinearity and the property of quasi-primary field (The OPE between 
the spin -2 stress tensor and the quasi primary held has the vanishing third order pole and 
nontrivial higher order poles). 

The small A/" = 4 linear superconformal algebra can be obtained by rescaling the four spin- 
I currents, one spin -1 current and three spin -1 currents with level and taking ^ 00 
limit. For example, in the OPE between and (w) given in Appendix F, the 

third, the sixth and the seventh terms in the right hand side are vanishing while the hrst, 
the second, the fourth and the hfth terms survive in this limit. One can analyze all the other 
OPEs presented in Appendix F and obtains 136 OPEs in an extension of small AA = 4 linear 
superconformal algebra. It would be interesting to see how this plays the role in [1]. 

• The higher spin currents for general N 

In this paper, the N in the coset fixed as N = 3. The next question one 

can ask is how one can obtain the 16 higher spin currents for generic N. There are several 
ways to obtain the higher spin currents for general N. One of them is to use the higher spin 
currents for generic N in the nonlinear version. From the experience of this paper, there 
should exist the exact relations between the higher spin currents in the nonlinear and linear 
versions for generic N. Their relations for N = 3 are presented in Appendix B. All the k 
dependent coefficients can be generalized to the ones with N dependence explicitly. Or one 
can start with the four spin-| currents of large A/" = 4 linear superconformal algebra and the 
higher spin-1 current fro general N. They have explicit their coset field realizations. Then it 
is straightforward to calculate the various OPEs and to extract the higher spin currents by 
hand. 

• The A/" = 4 superspace description 

For the 16 currents of large A/" = 4 linear superconformal algebra, one can write down 
them in one single A/" = 4 superfield (of superspin 0) and the various OPEs in Appendix A 
can be written as a single OPE in A/^ = 4 superspace. According to the observation of [9], the 
other single A/" = 4 superfield (of superspin 1) representing the lowest 16 higher spin currents 
transform as linearly under the above A/" = 4 superfield. In other words, the Appendix D 
can be written in terms of the OPE between the A/" = 4 supercurrent with superspin 0 and 
the A/" = 4 supercurrent with superspin 1 and the right hand side of this OPE depends on 
the A/" = 4 supercurrent with superspin 1 linearly. It would be an open problem to rewrite 
Appendix F in terms of one single J\f = 4 super OPE. The nontrivial thing is to express 
the nonlinear terms between the above A/" = 4 super current of superspin zero which will be 
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complicated. The linear terms from the A/" = 4 higher spin currents of superspin 1 or 2 will 
be rather simple form. Furthermore, m M = 2 superspace, because the A/" = 4 multiplet 
corresponds to four independent M = 2 multiplets as in fll.ll) . one has the ten AT = 2 super 
OPEs. It would be also interesting to write down the above single A/" = 4 super OPE in terms 
of ten Af = 2 super OPEs. 

• The higher spin currents in the linear version in the orthogonal Wolf space 

In [12], the higher spin currents construction was given for the different type of A/" = 4 
super coset theory. It would be interesting to describe the linear version of the higher spin 
currents. 
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Appendix A The large J\f = ^ linear superconformal al¬ 
gebra 


The large A/" = 4 linear superconformal algebra (generated by spin-2 current T{z), four spin-| 
currents Ga{z), three spin-1 currents three spin-1 currents A~\z), spin-1 current U{z) 

and four spin-4 currents ra(2;)) can be summarized by [3] 


T{z)T{w) = 
T{z)(P{w) = 
Ga{z)G,{w) = 


1 


[z — wr 2 (z — w 


h^(f){w) -1- 


2T{w) + - — ^ — rdT{w) + 


{z — wY 


1 4c , 

— 0 , 


(z — w) 

1 


{z — w) 
d(j){w) H-, 


{z — wY 3 {z — wy 


16 


+ 


;d{po\e-2) + 46abT 


7 Af + {1- -f)aj A- ] (w) 


(z — w) [2 

A*‘(z)GJw) = --7—-2(l-7)o«r^W + --2_a«GtW + 

[Z — wY [Z — W) 

A-Yz)Gaiw) = -J-—2jaY’^T,iw) + -^--aY^Gb{w) + ---, 


{z — wY 


{z — w) 


A'^Yz)A+Yu!) = 


^ ^ , e^^^A+iw) + 


{z — wY 2 ” " ' {z — w) 

A-Yz)A-Yw) = ^ . e^^'^7lfc(w) + ---, 


r„(2:) Gb{w) = 
A+\z)V^{w) = 


{z — wY 2 
1 


{z — w) 


(z — w) 


2(a*‘Ar-aJA7) + S,,U (w) + 




{z — w) 

A-‘{z)TJw) = _!_a-»rt(«.) + 

[z — w) 

U{z)Ga{w) = -, 


ra(2;)rfe(M;) = 

U{z)U{w) = 


{z — wY 
1 


{z — w) 67(1 — 7) 
1 c 


^ab + 


{z — wY 127(1 — 7) 


Here the conformal dimension is as follows: = |, /i^±i = hjj = 1 and The 

numerical values for the quantities in the right hand side are given in |3]. The indices a, b are 
bispinor notations. One has the following letters where A'^Y^) = A(2:), A~'^{z) = Bi{z) and 
ra(z) = Fa{z). The coset field realization representing this algebra for = 3 is already given 
in Part I [5j. 
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Appendix B The 16 lowest higher spin currents in the 
nonlinear version in terms of those in linear 
version 


In this Appendix, the explicit relations between the 16 lowest higher spin currents in the 
nonlinear version and the linear version are given. For the lowest higher spin-1 current, the 
nonlinear version in |S] and the linear version of this paper are the same each other 

T™„(3) = T''>W. (B.l) 


In fl3.1l) . the higher spin-| currents are determined. The corresponding currents in the 
nonlinear version can be obtained from the equations (4.9) and (4.13) of [5]. The spin-| 
currents of large A/" = 4 super conformal algebra are related to each other in equation (3.13) 
of [5]. Then one can substitute the right hand side of (3.13) of Part I into the equations (4.9) 
and (4.13) of Part I. The nontrivial OPEs come from only the spin-| currents because there 
are no singular terms between (f/, A, Bi){z) and T^^)(w). This implies that the left hand 
sides of the OPEs in the nonlinear version and the linear version are the same and one has 
the following relations 

=F ( A ) (-’) + 2t!|L(z) = =F ( ) (j) + 2 t!*'(z), 


Or the higher spin-| currents can be written as 


=F,non\^/ 


(^) 

= 


± 


Therefore, the extra terms between the higher spin-| currents in the nonlinear and 
versions are exactly those from the spin-| currents. We arrive at the following results 


Ti^L(^) 


TTT 


(5 + fc) 

(i) 




± T 


(5 + fc) 


(5 +fc) 

( Fn ^ 
\ F22 ) 
1 

(5 + fc) 

{ Fn ^ 

\ F22 I 
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Azf: + 

u 


F21 

Fi2 


+ 


(5 +A:) 


F21 

Fi2 


(5 -|- kY 

( F22 ^ 
Fn, 
2 




(5 +A:) 


F21 

Fi2 


FIIF22 + 




(5 +A;) 


(5 +A;) 

F21 ^ 
Fi2 


B, 


(5 + ky 

(F22 ^ 

Fu j 


F21 

Fi2 


F11F22 + 


B 


T 


{5 + k) 


{5 + k) 

F21 ^ 
Fi2 


F, 


F21 

Fi2 


F2I 

Fi2 


linear 



(B.2) 


In the hrst expression of flB.2H . the extra term in the right hand side is written in terms of 
the helds in the linear version and in the second expression of flB.2ll . the extra term in the 
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right hand side is given by the helds in the nonlinear version nsing the eqnations (3.5), (3.6) 
and (3.10) of [5]. 

Similarly, one has the following relations from the eqnation fl3.2p together with (4.20) and 
(4.34) of [g 


^ non 

hi) 


(^) = 




V non 

In other words, one has, as done before, 

1 




Gii 

G 22 




U:^2) 


non 

3 N 


V nor 


z = 
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{5 + k) \ 
' U(i) 
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Fn 

F 22 


(B.3) 


F 12 F 21 


(5 + fc) 
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F 2 I 


(5 + k) 
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(5 + k) 
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F22 


FtoF‘ 


12 -r ^21 


{5 + k) 


(5 + k) 


Fn 

F22 




[z). 


Fn 

F22 


Fn 

F22 


2 l,q 


j ^3 

(B.4) 


One can nse the second relation of (lB.4p to express the higher spin-| cnrrents in the linear 
version in terms of the fields in the nonlinear version. 

For the higher spin-2 cnrrents, one has the eqnation fl3.5p and the corresponding footnotes 
47 and 50 of [5]. Now one can snbstitnte the spin-| cnrrents in the nonlinear version nsing 
(3.13) of |5] and the relation (IB.3p into those eqnations. Then one can identify the following 
relations as follows: 
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In the second eqnation of flB.51) . the extra terms are written in terms of the helds in the non¬ 
linear version. Note the appearance of the nonlinear terms between the higher spin cnrrents 
and the spin-i currents. 

Similarly, from the equation fl3.4p and the footnotes 48 and 49 of [S], one can obtain the 
following relations 

r(2) \ 9 
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(B. 6 ) 


In this case, the second equation of flB. 6 l) contains the extra terms written in terms of the 
helds in the nonlinear version. As before, one sees the appearance of the nonlinear terms 
between the higher spin currents and the spin-| currents. 

The equation (4.16) of |5] and the equation 


determine the explicit relation between 
the higher spin -2 current in the nonlinear version and in the linear version 
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(B.7) 


As explained before, one can express the higher spin -2 current in the linear version in terms 
of the fields in the nonlinear version using the second equation of (lB.7p . The nonlinear terms 
between the higher spin currents and the spin-| currents occur in the right hand side. 

Let us continue to consider the last higher spin-2 current. With the help of fl3.6p and the 
equation (4.48) of [5], one can express the following relation between the higher spin-2 current 
in the nonlinear version and in the linear version 
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Furthermore, the second equation of flB.811 allows us to write down the higher spin-2 current in 
the linear version in terms of the helds in the nonlinear version. One observes the appearance 
of the nonlinear terms between the higher spin currents and the spin-| currents in the right 
hand side. 

From the relation in fl3.7p and the explicit result for the corresponding higher spin currents 
in Part I, the following relation holds 
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(B.IO) 


As before, the extra terms except the higher spin currents in the linear version are written in 
terms of composite fields living in the nonlinear version. Note the appearance of the nonlinear 
terms (containing the higher spin currents) between the higher spin currents and the spin-| 
currents (the spin -1 currents). 

For the remaining higher spin-| currents, one has the following relations which obtained 
from the relation fl3.8l) and some results from Part I 
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The nonlinear terms between the higher spin currents and the spin-| currents (and the spin- 
1 currents) are present. Due to these nonlinear terms, some of the nonlinear terms in the 
nonlinear version will disappear in the context of Appendix F. 

Similarly, the final higher spin-3 current, from fl3.9p and the corresponding equation in 
Part I has the following relation 
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Now the higher spin currents in the linear version can be written in terms of those in the 
nonlinear version and this implies that using the previous results in Part I and Part II one 
can write 136 OPEs in the linear version (although one should rewrite all the helds written 


(B,13) 
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in the nonlinear version in the basis of linear version and make the mathematica hie which 
dehnes the results of Part I and Part II inside Thielemans package). 

Due to these nonlinear terms between the boldface higher spin currents and the currents 
from the large A/” = 4 linear superconformal algebra, some of the nonlinear terms in the 
nonlinear version will disappear in the context of Appendix F. 


Appendix C The complete OPEs between the 16 currents 
of large J\f = A linear superconformal algebra 
and the 16 lowest higher spin currents 

In this Appendix, one describes the complete OPEs between the 16 currents of large A/” = 4 
linear superconformal algebra and the 16 lowest higher spin currents. Except the few cases, 
these are linear. 


Appendix C.l The OPEs between the spin-^ currents and the 16 

lowest higher spin currents 

One can perform the various OPEs between the four spin-| currents found in Part I and 16 
higher spin currents obtained in section 3 as follows: 
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It is easy to see that the OPEs containing the higher spin-3 current (which is a primary held) 
do have the nonlinear terms in the right hand side. Again, by considering the quasi primary 
held containing the higher spin-1 current (that is fl4.7p i one can remove these nonlinear terms 
with the relations in fl2.4p . For the corresponding OPEs in the nonlinear version, there are 
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trivial OPEs because the OPEs between the higher spin currents and the spin-^ currents 
are regular by construction. One also checks that the above OPEs are equivalent to the 
corresponding OPEs in [5] via the held identihcations in section 4. 


Appendix C.2 The OPEs between the spin-1 current and the 16 

lowest higher spin currents 


Let us perform the various OPEs between the spin-1 current found in Part I and 16 higher 
spin currents obtained in section 3 as follows: 
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It is easy to see that the last OPE containing the higher spin-3 current has the nonlinear 
terms in the right hand side. This will disappear by using the quasi primary held in fl4.7p . 
For the corresponding OPEs in the nonlinear version, there are trivial OPEs because the 
OPEs between the higher spin currents and the spin-1 current are regular by construction. 
One also checks that the above OPEs are equivalent to the corresponding OPEs in [9] (or in 
Appendix D) via the field identihcations in section 4. 


Appendix C.3 The OPEs between the spin-1 currents and the 16 

lowest higher spin currents 


The OPEs between the three spin-1 currents found in Part I and the 16 higher spin currents 
obtained in section 3 are 
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It is easy to see that the OPEs containing the higher spin-3 current do have the nonlinear 
terms in the right hand side. This will be eliminated if one uses fl4.7p . One can also compare 
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the expressions in the nonlinear version in Part I and the above expressions. Some of the 
OPEs in Part I were present bnt the corresponding OPEs in this paper do not appear. The 
nonlinear terms in Part I disappear in the above OPEs. It is easy to see that the above OPEs 
are eqnivalent to the corresponding OPEs in [S] via the held identideations in section 4. 


Appendix C.4 The OPEs between the spin-1 currents and the 16 

lowest higher spin currents 


The OPEs between the other three spin-1 enrrents fonnd in Part I and the 16 higher spin 
enrrents obtained in section 3 are 
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It is easy to see that the OPEs containing the higher spin-3 current do have the nonlinear 
terms in the right hand side. This can be removed if one uses (14.71) . One can compare the 
expressions in the nonlinear version in Part I and the above expressions. Some of the OPEs in 
Part I were present but the corresponding OPEs in this paper do not appear. The nonlinear 
terms in Part I disappear in the above OPEs. Due to the symmetry in the structure constants 
one can present the above OPEs by combining separate OPEs together. One also checks that 
the above OPEs are equivalent to the corresponding OPEs in [9] (or in Appendix D) via the 
field identifications in section 4. 


Appendix C.5 The OPEs between the spin-| currents and the 16 

lowest higher spin currents 

The OPEs between the four spin-| currents found in Part I and the 16 higher spin currents 
obtained in section 3 are 
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It is easy to see that the OPEs containing the higher spin-| or spin-3 current do have the 
nonlinear terms in the right hand side. These nonlinear terms will disappear in the different 
basis in next Appendix. In doing this, one should realize that there exist nontrivial OPEs 


46 



fl4.1l) in section 4. In the right hand side of those OPEs, the higher spin-| currents occur and 
this will contribute to the corresponding terms in the first order pole above. In this case, the 
symmetry of the structure constants allows us to write the OPEs together and this is new 
feature compared to the expressions in Part 1. The nonlinear terms in Part I do not appear in 
the above OPEs. One also checks that the above OPEs are equivalent to the corresponding 
OPEs in (or in Appendix D) via the held identihcations in section 4. In next Appendix, 
the above OPEs can be written in different basis where the nonlinear terms will disappear. 


Appendix D Other basis where the OPEs are linear 

In order to compare the helds in ^ with the ones in this paper, their dehning relations are 
given. 


Appendix D.l The OPEs in the linear version 

Let us present the description of |9] as follows: 
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Here the spin-| currents Q‘^{z) play the role of previous one r“(z) in Appendix A. In the 

present notation, this is equivalent to the spin-| current Fa{z). One has = j and 7 _ = 1— 7 . 

Some of the typos appearing in [9] are corrected. In particular, note that the hrst order pole of 

the OPE G°‘{z) V 3 *^’^(w) should possess the 5“^ ¥ 2 ^^ term in the right hand side. These OPEs 
2 

hold for any spin s = 1,2, • • -. The higher spin current V 2 ^\w) does not contain the third 
order pole in the OPE with T{z) and has nontrivial fourth order pole. The spin-| currents 
which are the supersymmetry generators determine all the higher spin currents via the OPEs 
containing Ga{z) in the above OPEs. 


Appendix D.2 The higher spin currents in the nonlinear version 


One has the explicit relations between the higher spin currents in the nonlinear version [9] 
and the corresponding higher spin currents in this paper. For the higher spin-2 currents, one 
has 
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From the relations (4.23)-(4.25) of [9], one can rewrite the higher spin currents in the nonlinear 
version in terms of those in the linear version. Then using the explicit relations fl4.2p . fl4.6l) 
and fl4.7l) . one can rewrite them in terms of the higher spin currents in the linear version. 
Finally, using the explicit relations appearing in Appendix B, one arrives at the hnal results 
in (ID.ID. This was also realized in m- 

One can analyze the other higher spin currents. The following relations can be obtained 
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These observations are also appeared in P. 

Now the hnal higher spin-3 cnrrent has the following relation 
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It would be interesting to see the OPEs between the higher spin currents in the basis 
above and how they behave differently compared to the previous results in Part I and Part 

II. 


Appendix E Some details on the construction of the 16 
second lowest higher spin currents 


In section 5, the higher spin currents of spin-| and spin-3 are obtained explicitly. In this 
Appendix, the remaining higher spin currents are obtained. Due to the presence of four spin- 
I currents and the spin-1 current, the structures of the OPEs are rather complicated. It is 
rather nontrivial to extract the correct primary field from the given singular term because 
there exist many quasi primary fields. 


Appendix E.l The remaining higher spin currents in the next 16 
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In the third order pole there is no higher spin current. It is clear that there are no higher spin 
currents in the context of footnote [5] which will appear in Appendix F. It is easy to check 
that the various terms in the hrst order pole are quasi primary helds. Note that the second 
term from the last expression has different relative coefficients — | and — | rather than — |. 
There are no nonlinear terms between the higher spin currents in the above. 

Let us consider the OPE between the spin-| current and the higher spin-3 current found 
in (|5^ 
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There is no boldface higher spin current in the third order pole. As before, various nonlinear 
terms in Part II do not appear in this OPE. In this case also, various quasi primary fields 
appear in the hrst order pole. Furthermore, there are no nonlinear terms between the higher 
spin currents in the above. 
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One can reexpress the first term in the second order pole by moving the higher spin current 
to the right hand side and will be written in term of known other terms. Note that one can 
rewrite the two terms containing the higher spin-2 current P^^^(t(;) in terms of the known 
other currents and then there will be no dependence eventually. From the previous 

experience, one can consider the nonlinear term between the G 21 and the higher spin-1 current 
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and this will be removed by redefining the spin-3 cnrrent with into the left hand 

side. In the first order pole, one sees many qnasi primary fields. One can also consider the 
OPE between the G 2 i{z) and the qnasi primary field appearing in fl4.7p . Then from the resnlts 
in Appendix C, the terms having (w) in the second term of the first order pole can be 
seen from this OPE. Then, those nonlinear terms can be removed in the redefined higher 
spin-3 cnrrent by adding the qnasi primary field to the left hand side of above OPE. 

Similarly one has 
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Note that one can rewrite the two terms containing the higher spin-2 current P*'^^(tc) in terms 
of the known other currents and then there will be no P*'^^(t(;) dependence eventually. The 
nonlinear term between the Gu and the higher spin-1 current will be removed by redehning 
the spin-3 current with TT*^^)(t(;) into the left hand side. The terms having T_ (w) in the 
second term of the hrst order pole can be removed in the redehned higher spin-3 current by 
adding the quasi primary held in fl4.7p to the left hand side of above OPE. 

Let us consider the OPE between the spin-| current and the higher spin-| current found 
in previous OPE 
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In the fourth and hfth terms of the third order pole one sees the nonlinear terms. One 
can add the Gi 2 A 3 T^^\w) or G 12 S 3 into the left hand side. Then the nonzero 
contribution ^3 T*^^^(zi;) or S 3 T’^^^(tn) will appear in the third order pole in the right hand 
side because one has the central term between G 2 i(z) and Gi 2 {w). In the second order pole, 
the nonlinear terms containing T*^^)(t(;) can appear from the 9012 T*^^^(t(;) in the left hand 
side. The nonlinear terms containing 9T(^i(ty) can appear from the G 12 in the left 

hand side as before. According to the result of (14. Ih . if one introduces G 12 9T*^^i(t(;) in the left 
hand side, the nonlinear term G 12 (w) can appear in the second order pole of the right 

hand side. Similarly, if one introduces T_ (w) in the left hand side, the nonlinear term 
021 T_^ (tc) can appear in the second order pole of the right hand side. Among the various 
quasi primary helds appearing in the first order pole, the quasi primary held with relative 
coefficients — | and — | is special because it is not — ^ as other cases. There are various quasi 
primary helds which behave very diherently and contain many terms. 


Appendix E.2 The higher spin currents in the nonlinear version 

in terms of those in the linear version 


As done in Appendix B, one has the following relations 
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(E.l) 


One can also write down the above expressions in terms of the helds in the nonlinear version. 

What about other higher spin current? For example, let us look at the equation (2.7) of 

Part II. One would like to determine the explicit relation between QV,non(’2^) and its linear 

version Q+^(z). The upper OPE in (2.7) of Part II is given by the OPE between G 2 i{z) 
(~) 

and Qnon {w). Then one can express each held in terms of its linear version plus other terms 
which are dehned also in the linear version. Then one can express the equation (2.7) of Part 
II in terms of the OPE between G 2 i{z) and Q^t^(r(;) and other terms which can be calculated 
from the previous results. The former is given by fl5.4p where one can see the hrst order pole 
containing Q 7 ^(ty). The latter can be calculated explicitly. For example, the next term in 
G 2 i{z) of (12.2p is given by ++ 21 ( 2 ^) and the next term in QLon(tc) of above OPE flE.ll) is 
given by AsU*' 2 )(t(;). Then it is straightforward to calculate the OPE between UF 2 i{z) and 
TlaUd) {w) and read off the hrst order pole in the linear version. Eventually one can equate 
the hrst order pole of (2.7) of Part II (where the other helds except Q+,non('W^) should be 
written in the linear version) to the hrst order pole of (15.41) plus hrst order pole from various 
OPEs from other contributions as explained above. 


Appendix E.3 The higher spin currents in different basis 

As done in (14.2p . one can calculate the OPEs between the spin-| currents and the higher 
spin-2 current in flb.ip . use the property of the fourth equation of Appendix DA with s = 2 
and obtain the following results 
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Compared to the description in section 4 (the equations (14.21) . (14.4p . (14. 6 h and (14.7p ). the 

above expressions are rather complicated because the higher spin -2 in (16.11) has many extra 

terms except Furthermore, the higher spin currents in the nonlinear version [9] has 

the explicit relations with its linear version via the equations (4.22)-(4.25) of [9]. Then one 

can write down Vq‘^\z) = Vq‘^\z) and V?'^'°‘{z) = Vi^^’“( 2 ;). Once the other higher spin 

2 2 

currents l//^^’^*( 2 ;), V 3 ^"'’°‘{z) and V 2 ^\z) are found explicitly, then the corresponding higher 
^ 2 _ _ 

spin currents, V 3 ^^’“( 2 :) and V" 2 *'^^(^), can be written in terms of the corresponding 

2 

higher spin currents in the linear versions plus four spin-| currents and the spin -1 current. 


Appendix F The 136 OPEs between the 16 lowest higher 
spin currents 

In this final Appendix, the complete OPEs between the 16 lowest higher spin currents are 
presented. The highest spin in the right hand side of these OPEs is given by 3. The composite 
helds of spin-1, spin-4, spin-| and spin-5 are not present in this paper. They can be obtained 
from its nonlinear version of Part II as described in Appendix E (just below the equation 
(IE. IIP in principle. All the 16 higher spin currents are known in terms of coset fields described 
in section 3 and one has all the singular terms of these OPEs completely. The nontrivial things 
here are to write them in terms of known 16 currents and 16 higher spin currents (and their 


84 





























derivatives). In this Appendix, the hnal OPEs are presented after determing the nnknown 
strucntnre constants. Some simple comments on each OPE are added. 


Appendix F.l The OPEs between the first J\f = 2 multiplet and 

itself (and the other three J\f = 2 multiplets) 


From the relation fIB.ip . one has the following OPE 
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This is the same as the OPE in the nonlinear version becanse one has the relation (IB.ip . 
From the expressions fIB.ip and flB.2p with the help of Part II, 
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Dne to the presence of spin-i currents, there are many terms containing them in the above. 
Together with fIB.Tp . one obtains the following OPE 
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Compared to the OPE in the nonlinear version, the above OPE has nontrivial hrst order pole. 
The second order pole does not have the higher spin-1 current. 

With (El, one calculates the following OPEs 
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If one ignores the spin-| current terms, then this OPE has the same form as the one in the 
nonlinear version. 

From the previous expression for higher spin-1 current and the expression flB.Sp . one can 
describe the following OPEs 
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Again, there are many spin-4 current terms which are new in the linear version 
Similarly, from the equation fIB.hp . one calculates the following OPEs 
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Due to the spin-| currents, this OPE has many new terms in the above. 
From the relations (lB.9p and (IB.lOp . one obtains the following OPEs 
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Compared to the OPE in the nonlinear version, the above OPE does not contain the higher 
spin-I currents. 

Together with fIB.lIl and flB.811 . the following OPE can be obtained 
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Note that in this OPE there exists nontrivial hrst order pole and the second order pole does 
not contain the higher spin-1 current. 

Furthermore, the relations (IB.Ill) and (1B.12P determine the following OPEs 
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Note that there are no higher spin-| currents which were present in the nonlinear version. 

For the higher spin-3 current, one can use the relation flB.13p and obtain the following 
OPE 
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(A:+ 5) 

8 
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8 

(A:+ 5)2 
2 

(A; + 5)' 


9+21 (jl2 + 


(A:+ 5) 


+2i9(j12 — 


(A:+ 5) 


9+22 Gii + 


(A;+ 5) 


+229^11 


-+^9+11+22 + 


[79+12+21 + 


r+11 [722+11+22 


(A;+ 5) 


-U +1i9+22 + 


(A;+ 5) 


:9[/+o + 


12-^21 


(fc + 5) 


-[7+129+21 + 


(A:+ 5) 


-+22G11+22+11 


{k + 5)' 


r+2lGl2+21+12 


(«;) + •■■ 


The fields appearing in the second and third lines of the first order pole can be seen in the 
corresponding OPE in the nonlinear version. Compared to the corresponding OPE in the 
nonlinear version, the above OPE does not contain any composite fields between the higher 
spin currents and the currents from the large Af = A linear super conformal algebra B Also 

^ There are no composite fields written in terms of the field with a boldface and the field without a boldface. 
There are only composite fields with a boldface and only composite fields without a boldface. In this Appendix, 
what we mean by ’the nonlinear terms in the nonlinear version’ are the composite fields between any higher 
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note the presence of the quadratic term (nonlinear term) of higher spin-1 current. Using the 
following relations, some of the terms in the OPE can be written in terms of other terms 


F22G11F22F11 = {idA^ -\- idB^ -|- dU)F 22 Fii, 

F11G22F11F22 = {—idA^ — idB^ -\- dU)FiiF 22 -, 
F21G12F21F12 = {idA^ — idB^ dU)F 2 iFi 2 . 


Let us move to the OPEs between the next higher spin-| current and other higher spin cur¬ 
rents (except the previous higher spin-1 current). From the description of fl3.ip . the following 
OPEs can be obtained 




w = 


± 


W) 


2^ P 

(fc + 5)2 ^ 





-^A 

{k + bf ^ 


F 11 F 21 

F 22 F 12 


ik + 5y 


F2idF2i 

Fi2dFi2 




These are new nontrivial OPEs. In the nonlinear version, the corresponding OPEs are not 
present. Even the terms which did not appear in the corresponding OPEs in the nonlinear 
version appear in the above OPEs. 

Again the relations (13.Ih determine the following OPE 




w = 


+ 


(4 + 7fe) 
{z — w)^ [ (5 -I- A;) 
1 


+ 


{z — wy 
(fc + 3) 
{k + 5)2 
1 




n i(l + 2k)^ (fc-3) 

^3 H— 7 r ~~ rr -^3 ~ 71——777-^11-^22 


(5 +A:) 


(5 +A;) 


(A:+ 5)2 


-E12-E21 


{w) 


-^ _T(2) _ 

{z — w) I 2 

T — — —A^A^ + 


2(5 +A:) 


(5 +A:) 


A:\B‘ 


3A 


3 -D 3 


-dA'i 


+ 


2(5 + k) 
2i 

JETW 

2i 

(5 + kY 
(3 +A:) 
(5 + kY 


A^A_ - 


A 3 +11+22 + 
B3F11F22 — 

cI+11+22 + 


2(5 + k) 
i 


+. 3 +: 


3 -D 3 


(5 +A;) 

-SB,- 


(5 + kY 
i 


A_+ii+i2 + 
+_+12+22 — 


(5 + A;) 2(5 + k) 

i 


B.B. 


(5 + kY 
i 


(5 + kY 
6 

+11 <9+22 


(5 + A;)2 


(5 + kY 

9 + 12+21 


A++21+22 

+++11+21 


(5 +A:) 


spin currents and any currents in the large Af = 4 linear superconformal algebra. 
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1 1 

- F^odFo^ - 

(5 +A:) 2(5 +A:) 


UU 


(w) + 


This OPE is rather complicated due to the spin-| currents and spin-1 current which are 
present in the linear version. 

Together with the previous relations and fl3.3p . the following OPEs can be obtained 


(I), 


T^2 




1 


w = 


+ 


3^,(1) 


(3A;+ 11), 


+ 


[z — w 
z(3A: + 11) 
2(A: + 5)2 
i{3k + ll) 
2(A: + 5)2 
1 




F 21 

Fi2 

F 21 

Fi2 


2(A: + 5)2 

i{3k — 1) 


A 


A?.-) ± 


2(A: + 5)2 
(* + 5) ( 


(z — w) 
i 






± T 


n 

dB 
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+ 


2(A; + 5)^^ [ 

- 1) 

2(A; + 5)2 ^ 

i{k + 1) 

2(A; + 5)2 

i{k-5) 

2(A; + 5)2 

-i-I 

(A:+ 5)2 ' 

(fc-3) 

2(A; + 5)2 , 

(A:+ 5)2^^^ 

1 

d 


d' 


Gii 

G22 , 

V ^22 , 

B3F21 ^ 
B3F12 y 

f F22 

\ Fn , 

F11F21G22 

F22F12G11 

if F21^ 

U 12 . 

^ A^ii 
^ F22 

UF21 ' 
UFu 


(A:+ 5)2 
1 


F 21 

Fi2 J 

^22 

G 2 I " 
Gi2 , 

' F 22 
. Fii 


+ 


P 21 
-El 2 


(A:+ 5)2 

i{k — 11) 


A 


2(A; + 5)2 


El 1+22 

f +22 ' 
+11 , 


W 


B 


T 




+ 


A^A^ ^ 
A^d 


(A:+ 5)2^^^ 
i{k + 7) 


+ 


2(fc + 5)2 
2(A; + 5) ^ 


+ A±AB^d 


2{k + hf 


+11 ) 
+22 ) 

( +11 
\ +22 

G 22 \ 
Gii j 

^ +22 
+11 


I A(A; + 1) 
2(A: + 5)2 

1 


^ 3+21 

^ 3+12 


± 


(A: + 5)2 
1 


+ 


± 


(A;+ 5)2 
1 


A^B^ 


A±A 


T 


{k + 5)2 
1 


± 


{k + 5)' 


+T^3 


:++ + 


-C 22 J 

( +21 
+12 

+22 \ 
+11 j 


±^T 


+21 

+12 


9+11+21+22 

9+22+12+11 


± 


+ 


(A:+ 5)3 

1 f +21+22011 
+ 12+11022 

^ +22 ^ 
. ^11 y 

2(A: + 1) +ii+2i9+22 

+22+129+11 


(A:+ 5)2 
i 


(A:+ 5)2^^^ 


(«;) + •■• 


2(A; + 5)^ V ^^12 y/ ' (A:+ 5)3 

In this OPE, the second order pole has spin-| currents living in the large 7\A = 4 linear 
super conformal algebra. There are many spin-| current dependent terms. Furthermore, 
some terms containing the above spin-| currents in the hrst order pole do not appear in the 
corresponding OPEs in the nonlinear version. 

From the result of 


, one can compute the following OPEs 




Ud) 

Vd) 


[w = 


w] 


(5 +A;)^^ 


2k 


(A:+ 5)2 


+11+21 

+22+12 


{w) 
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+ 


(z — w) 


(k + b) 




2i 


(k + b) 




FuF21 
F 22 F 12 
{k + 1) 


± 


2{k + b)^^^ 


j^^,B^FnF22 + j^^B^F,2F2, + I 


12 


+ 


(fc-1) 

(A;+ 5)2 


FiidF2i 

F22dF\2 


(w) + • • •. 


These OPEs are new and the corresponding OPEs in the nonlinear version are trivial. 
Similarly, the following OPEs can be calculated 




Vd) 


{w) = 


+ 


{z — tc)2 
1 

(z — w) 

i 


7i 


+ 


+ 


{k + by 




6 


V 

u 


( 2 ) 

+ 

( 2 ) 


{k + by 

1 


F 21 F 22 

F 11 F 12 


{w) 


{k + by 


A^B3 + 


2{k + by^^ 


{k + b) 


AzrFllF22 + 


2^=F 


9^22 E 21 


{k + 5)2 y 9 FiiFi2 


{k + b) 


+ 


-A^Fi2F2i + 


2i 


(A;+ 5)2 

+229 F 21 

FiidFi2 


B. 


F 22 F 21 

F 11 F 12 


{w) + --- 


(A:+ 5)2 

Compared to the corresponding OPEs in the nonlinear version, the above OPEs have spin-^ 
current dependent terms. The fields in the hrst line of the hrst order pole except the higher 
spin current do not appear in the corresponding OPEs in the nonlinear version. 

The equations fl3.5p determine the following OPEs 

r(2) \ 1 


d|). 


U) 

V 


( 2 ) 


Ua = 


+ 


+ 


{z — ty)2 

1 

{z — w) 

i 


2ik 


{k + 5)2 

(A:+ 5)2^"^^ 


F 21 

Fi2 


B 


T 


Ua 


+ 

+ 


^21 \ 
^12 ) 

_ ( “^22 
(A: + 5)2""^'"^ Fn 

3z ^ / F 21 \ 

Fu i 


2{k + b)^^ 

^ B^B^ 

B^d 


+ 


F 21 \ 

X ^12 j 

(A;+ 5)2^^^" 


± 




(A:+ 5)2^^^^ 

^ F 21 \ 

Fi 2 j 

' F 2 I \ 
Fi2 


Fn 

F 22 


{k + b) 
i 


{k + b) 


2 =F 

UB 


T 


F 21 

Fi2 


+ 

1 + 


E11F21G21 

E 22 E 12 G 12 


(A:+ 5)2 

2{k + l) f FnF2idF2i 
{k + 5)^ \ +22^129+12 


{w) + 


Note that the nonlinear term appearing in the nonlinear version disappears in these OPEs. 
In other words, there are no composite helds with a boldface and without a boldface. The 
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field containing the spin-| current in the hrst order pole does not appear in the corresponding 
OPEs in the nonlinear version. 


Furthermore, the relations fl3.4p allow us to calculate the following OPEs 


t3’(2) 


U 

V 


( 2 ) 

( 2 ) 


(w) = 

+ 

± 

± 

± 

+ 


wY 


6 k 


{k + 5y 


Fn 

F 22 


(w) 


1 


[z — wy 
2 i{k - 1) 
(A:+ 5)2 
2 


+ 


(A:+ 5) 

Ell ^ 

F 22 


2(A; + 3) ( 

v^t) 

4i 


± 


{k + 5)2 
2z(A; + 2) 
(A;+ 5)2 

1 

{z — w) 
i 




12-^21 


Ell 

E 22 


(A:+ 5)2 
Ai 


E 21 

Ei2 


A 


± 


± 


w 


(k + 5) 
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h22 J 

_ ( Ei2 
’ \ E 21 
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G22 ) 

E3 + Ma/^^- 


(A:+ 5)^ 


E 


22 


B 


T 


+ : 


2(A; + 5) 
2 


± 


(A:+ 5)2' 

(A:+ 5)2^"^^ 
2z(A; + 9) 


Asi^ 
A 3 As 
A 3 B: 
Asd 





^ 2(fc + 3) 
^ 3(A; + 5) 


3(A; + 5)2' ^ 

(A:+ 5)2 ^ ^ 
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± 


± 


± 


± 


(A:+ 5)2 
z(2A; + 9) 
3(A; + 5)2 
i{k + 9) 
3(A; + 5)2 

^ p 

2(A; + 5) ^ 


A±B^ 

A±d[ 

dBsi 


Ell ' 

E 22 ^ 

' Ei2 
E 21 

Ell ^ 
E 22 y 

' Ell 
y E 22 

^ E 22 

yEll 

E 2 I 

Ei2 

E 22 J 
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(A;+ 5)2 
2i(2A; + 3) 
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A 3 B 3 
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1 
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Y) 
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E 21 ^ 

Ei2 J 

( E 21 

iy Ei2 

^ E 21 
I Ei2 


± 


2(A; + 5) 
2 ik 
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G 21 


3(A; + 5)2 
i{k — 3) 


Bsd 


2 ik 


3(A; + 5)2 

1 1 

( E 11 E 12 G 21 

(A:+ 5)2 ' 

\ E 22 E 21 G 12 
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3(A: + 5)2^^^ 

3(A: + 3) ^2 


± 


2(A: + 5)2 
2(A; + 9) 


3(A; + 5)3 
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On \ 

O 22 J 

\ ^22 
' Ei2 ^ 

, ^21 2 
Ell ^ 

E 22 ) 

' Ell ' 
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+ 
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8(A: + 3) 


FiiFi2dF2i 

-^ 22 -^ 21 * 9-^12 



3(A; + 5)2 
2(/c + 3) 
3(/c + 5)2 


The nonlinear terms (between the higher spin currents and the currents of large A/” = 4 
linear super conformal algebra) appearing in the nonlinear version disappear in this OPE. 
The structure constants in the above two OPEs are related to each other in very simple 
form. However, the corresponding OPEs in the nonlinear version cannot be written in this 
way because there are no simple relations between the structure constants. Some terms 
containing the spin-| current in the above OPEs do not appear in the corresponding OPEs 
in the nonlinear version. 

Similarly, the following OPEs can be described 
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(A: + 5)s 


F21F22G21 I 
F 12 F 11 G 12 J 
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Fi2 


(w) + 


These OPEs are new in the sense that the corresponding OPEs in the nonlinear version are 
trivial. 
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Furthermore, one has the following OPEs 
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Due to the spin-i currents, these OPEs are rather complicated than the ones in the nonlinear 
version. Some terms containing the spin-| currents in the hrst order pole in the above OPEs 
do not appear in the corresponding OPEs in the nonlinear version. 

From the previous relation (13.Th , the following OPEs can be obtained 
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One can easily see that the nonlinear terms (between the higher spin currents and the 16 
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currents from the large A/" = 4 linear superconformal algebra or in the spirit of the footnote [5]) 
appearing in the corresponding OPEs in the nonlinear version disappear in the above OPEs. 
Even the above OPEs have simple relations between the structure constants and so one can 
write down them together in one single equation as above. The last two expressions in the 
hrst order pole contain the quasi primary helds. The hrst order pole of the above OPEs is 
rather simple because the many composite nonderivative terms which were present in the 
corresponding OPEs in the nonlinear version disappear. 

One also has the following OPEs 
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There are no nonlinear terms (footnote [5]) which appeared in the nonlinear version. The 
structure constants of above OPEs behave simply and so one can write them together. The 
last two expressions in the hrst order pole contain the quasi primary helds. Note that for the 
spin-1 currents dependent terms, the numerical factor in the derivative term is given by the 
same value 

The relation fl3.6p gives the higher spin-2 current and one obtains the following OPEs 
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These OPEs are rather complicated due to the presence of spin-i currents. Some terms 
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containing the spin-| cnrrents in the above OPEs do not appear in the nonlinear version. 


From the relation 


, the following OPEs can be obtained 
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The nonlinear terms which appeared in the nonlinear version disappear in these OPEs. 
Moreover, the following OPE can be obtained 
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Some nonlinear terms in the second order pole in the nonlinear version disappear in the above 
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OPE. Note that there exist the nonlinear terms with coefficient {k — 3) factor containing the 
higher spin-1 current in the first order pole. This is the only nonlinear term between the 
higher spin currents and the currents from the large A/” = 4 linear superconformal algebra. 
We will see this feature in other OPEs in this Appendix. 

Similarly, one has 
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One cannot combine this OPE and previous OPE because some terms of this OPE do not 
appear in the previous OPE. There exist the nonlinear terms with coefficient {k — 3) factor 
containing the higher spin-1 current in the hrst order pole. Some nonlinear terms in the 
second order pole in the nonlinear version disappear in the above OPE. 
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From the relation fl3.9p . one calculates the following OPEs 
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In the third order pole there is no spin-| current. One can write the two OPEs together due 
to the simple property of the structure constants. The nonlinear terms in the spirit of the 
footnote [5] are not present but the nonlinear term between the higher spin currents is present. 
One can also remove this term by adding the TT*^^)(t(;) into the left hand side in the higher 
spin-3 current because the OPE T^^^z) rT*^^)(ty) contributes to the above T^i^(t(;) term 
where the factor (k — 3) exists. In this paper, one considers the spin-3 helds in the right hand 
side of the OPE. In the hrst order pole of above OPE, there are many nontrivial terms which 
can be obtained from the previous results for the corresponding OPE in the nonlinear version. 

Now one can consider the OPEs between the higher spin-2 current and the 13 higher spin 
currents 
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There is no higher spin-2 current in the above which appears in the corresponding OPE in the 
nonlinear version. Also one sees many other terms which do not appear in the corresponding 
OPE in the nonlinear version. 

From the relation (13.21) . the following OPEs can be obtained 
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There are no nonlinear terms as in the footnote [5l Also the OPE is rather complicated due 
to the presence of spin-2 currents as before. One has combined OPEs due to the symmetry 
of structure constants. Some terms containing the spin-| currents in the above OPEs were 
not present in the corresponding OPEs in the nonlinear version. 


One uses the relation 


to obtain the following OPEs 
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The OPE does not contain any nonlinear terms between the higher spin currents and the 
currents of large A/" = 4 linear super conformal algebra. In the nonlinear version one cannot 
combine the above two OPEs. There is no higher spin-2 current in the second order pole of 
above OPEs. 

By using the relation fl3.4p . the following OPEs can be obtained 
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In this case, one sees the symmetry between the structure constants in the two OPEs. The 
nonlinear terms appearing in the corresponding OPEs in the nonlinear version do not appear 
in the above OPEs. There is no higher spin-2 current in the second order pole of above OPEs. 
One sees that there are many (nonderivative) terms in the first order pole which do not appear 
in the corresponding OPEs in the nonlinear version. 
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With the help of fl3.7p . one calculates the following OPEs 
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There is no higher spin-| current in the third order pole. Again, one can combine two OPEs 
in one expression as above due to the symmetry of structure constants. It is an open problem 
to £11 out the first order pole of the above OPE and see whether there are nonlinear terms in 
the context of the footnote [5] from the corresponding OPEs in the nonlinear results. 

One uses the relation 
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The central term in the above OPE is present. The nonlinear terms appearing in the corre¬ 
sponding OPE in the nonlinear version do not appear in this OPE. 

The following OPEs can be obtained from f|3.8p 
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The OPEs are described up to the second order pole. One combines two OPEs in one single 
OPE using the symmetry between the structure constants. One sees that there is no higher 
spin-1 current in the third order pole of the above OPEs. 

The equation (13.9p allows us to calculate the following OPE 
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There is no higher spin-1 current in the fourth order pole in the above OPE. Even there is no 
higher spin -2 current in the third order pole which was present in the nonlinear version. One 
can also remove the term between the higher spin currents by adding the into the 

left hand side in the higher spin-3 current because the OPE T^^)( 2 ;) TT‘^^^(t(;) contributes to 
the above term where the factor {k — 3) exists. 


Appendix F.2 The OPEs containing the second or third J\f = 2 
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From the explicit result in fl3.2p for the higher spin-| current one can obtain the following 
OPEs 
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These are new OPEs and the corresponding OPEs in the nonlinear version are trivial. 
Furthermore the result of fl3.5|) implies the following OPEs 
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These are also new OPEs and the corresponding OPEs in the nonlinear version are trivial. 
Similarly, the following OPEs can be obtained from the previous result in (13.dh 
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These are new OPEs and the corresponding OPEs in the nonlinear version are trivial. 

From the information of the higher spin-| currents in fl3.7p . the following OPEs can be 
obtained 
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As before, one has the above combined OPEs due to the symmetry of structure constants of 
two OPEs and there are no nonlinear terms in the spirit of footnote [5l 
Now one can construct the following OPE 
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Compared to the nonlinear version of this OPE, the above OPE is rather complicated. 
From the results in section 3, one obtains the following OPE 
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Note the spin-| current dependent terms in the above OPE which were not present in the 
corresponding OPE in the nonlinear version. 

Similarly one has the following OPE 
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IQi 

+ (^ + 5)3^1253Fi2F2i {w) + ---. 

In this case also the nonlinear terms appeared in the corresponding OPE in the nonlinear 
version disappear. 

One can also construct the following OPE from the previous results 
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Note that there exists the nonlinear term containing the higher spin-1 current in the first 
order pole with {k — 3) factor. 
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Note that there is a spin-| current in the second and first order poles. One also writes down 
the OPEs together under the symmetry of the structure constants. 

Similarly one describes the following OPEs from the results in fl3.8p 


( Ud) 

vd) 


{z)W^i\w) = 


+ 


± 

T 

+ 


+ 

+ 

+ 


w 


2ik{4k + 21) 16k{k + 3) 

3(fc + 5)2 ^ 


{z — wY 
2i{k-3) 
3(fc + 5)3 
2 i{k + Q) 
3(A: + 5)3 
2(A: + 2) / 
(A:+ 5)2 i 
2(fc + 21) 
3(A: + 5)3 
2 ik 


8(A: + 3) ( U 


( 2 ) 




3{k + 5) V VL" 

( Ell+21 

I +22+12 


( 2 ) 


3(A; + 5)3 

2{k-3) 
^ 3(fc + 5)2 


Eii +21 

F 22 F 12 


w 


A 3 B 


T 


2 i 


{k + 3) 


:B3 


Ell+21 
E 22 E 12 


Ai{k + 3) 


EzrEii +22 + 777^———7-E;pEi2E2i 


E 11 G 21 \ 
E 22 G 12 J 

^ FudF 2 , 
\ F22dFi2 


3{k + 3f' 
2(5fc + 9) 
3(A; + 5)3 
{k + l) 


+ 


± 


(fc + 5)2 
1 

iz — w) 


ub^t 


T 

1 

2 


(9:+ 5)2 

Q 

R 


U 


(fc + 5)2 \ 

^ Eii +21 

E 22 E 12 


<9Eii+21 

(9+22 Ei2 
E 21 G 11 

F 12 G 22 


[W 


^ 2(fc + 3) 

(3) 


3(A: + 5) 


d 


U 

V 


( 2 ) 

+ 

( 2 ) 


^ 6(A: + 5)2 ^ ^ ^ 


m + 75) 

6(A: + 5)2 ^ 


i{31k + 99) 
6 {k + 5)3 


dA3 


2 ^ . E11G21 \ 

(A: + 5)2 ^ y + 22 G 12 y 

+11+21 \ ^(29fe + 105) 

E 22+12 y 6(/c + 5)3 ^ 


Eii +21 \ 
E 22+12 y 


, / E 21 G 11 \ _ ^ . / + 11+21 \ 

(A; + 5)2 ^ y + 12 G 22 y 2(A: + 5)2 ^ y + 22 E 12 y 

/ a + 11+21 \ 3 ^ / + 11^+21 \ 

2 {k + 5)2 ^ y 9 + 22+12 y 2 {k + 5)2 ^ y +229+12 y 


124 












































+ 


± 


+ 

T 

T 


ik{4:k + 21) 


-d^B 


2(/c + 5)(13A; + 17) 

dFiiF22 


T 


JD 

(A;+ 5)2 ^ 


7^11^22 

-^^22^11 


/ 

3(/c + 5)3 
i{yk + 45) 

3(A: + 5)3 ^ 

5^(fe + 9) / 

6(A: + 5)3 


i(17/c + 105) 


dF22Fii ^ 

' FlldF22 

^ ^22(9+11 

Fi2dF2^ ^ 

+21 <97^12 y 

127^21 
<9+217^12 


I ^(5^ + 39),, 

^ 3 (rT 5 F ^ ” 


+ 


+ 



_ D 

(A;+ 5)2 ^ 
(fe-3) 

3(A: + 5)3 
7A(A: + 9) 
6(A: + 5)3 


+12^21 
^ +2iGi2 

5^7^117^21 ' 
5^+227^12 . 


± 


57?=p+12+21 


(A:+ 5)2^^ 


(A; + 5)2 

(24/c3 + 205A;2 + 650A; + 357) / +ii52+2i \ 
6(A: + 5)3(13A; + 17) V +225^+12 J 
AA:(4A: + 21) ^ 8A:(A: + 3) 

(A; + 5)(13A: + 17)^ ^ ^ (A: + 5)2(13A: + 17) 

4 p 4 D 

(A;+ 5)2 ^ ^ “ 2(A: + 5)2 


+22 G*ii 

+1 iG *22 


+ 


2(A: + 5)2 
2A 


dU 


7 ^ii 7^2 i 
\ F22F12 

FnA.dFn 

+22^1+5+22 


(A;+ 5)2 
i (8A;2 + 37A: + 17) / 
(A; + 5)2(13A;+ 17) y 
(5fc + 13) ( a+nG '21 
5+22 Gi 2 


± 


+ 



A/ 


2(A: + 5)2 

/ +n5+2i 
\ + 22^+12 


+11+21 I 

+ 22+12 y 

^ 5+11+21 
5+22+12 


A/ 


2(A: + 5)2 
A (8A;2 + 63A: + 51) 


(A; + 5)2(13A;+ 17) 
5+2i71++2i \ 

5+1271_+i2 J 

(fc + 1) 


+2124+5+21 

+1224-5+12 


4(A; + 5)2 
(A;+ 4) 
2(A: + 5)2 


5+2iG'ii 

5+12(9*22 


+ 


± 


4(A: + 5)2 
(A;+ 2) 
2(A: + 5)2 


7 ^ii 5G2 i 

+225(^12 

7^2156*11 

+125(^22 


(«;) + ••• 


Due to the spin-7 currents the OPEs are rather complicated and the nonlinear terms in the 
corresponding OPEs in the nonlinear version disappear. 

Moreover, one can construct the following OPEs 
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One has these OPEs by writing two OPEs together with the symmetry of the structure 
constants. 
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There is no spin-| current in the third order pole. Again the nonlinear term containing 
the higher spin currents is present. As discussed before, this can be removed by adding the 
rT^^^(tc) term into the left hand side. Other nonlinear terms in the context of the footnote 
[5] disappear in this OPEs. It is an open problem to complete the hrst order pole by figuring 
out the possible composite spin-| helds. 
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The relation fl3.5p determines the following OPEs 


U 

V 


( 2 ) 

+ 

( 2 ) 


(^) 


u 

V 


( 2 ) 

+ 

( 2 ) 


(W) = 


+ 


{z — wy 


{z — w) 


2k 


(5 + fc) 




2k 


(b + k) 




{w) 


These are new OPEs where the corresponding OPEs in the nonlinear version are trivial. 
By using the result in fl3.4p . one has 
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As before, the nonlinear terms in the corresponding OPE in the nonlinear version disappear. 

For the higher spin-| currents, one has the result in (13.7p and can construct the following 
OPEs 
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The nonlinear terms in the corresponding OPEs in the nonlinear version disappear. 
As done before, one constructs 
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The nonderivative terms containing the spin-| current in the hrst order pole do not appear 
in the corresponding OPE in the nonlinear version. 

Similarly one can obtain the following OPE 
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One sees that there are no nonlinear terms in the context of the footnote [5l 
One also presents the other case 
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The nontrivial central term of this OPE appears. The nonlinear terms in the corresponding 
OPEs in the nonlinear version disappear in this OPE. 

For the other higher spin current, one can obtain 
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There is no higher spin current in the third order pole of this OPE. 
The result fl3.6|) determines the following OPEs 
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There is no higher spin current in the second order pole. 
The result fl3.8p determines the following OPEs 
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It is an open problem to obtain the first order pole of these OPEs. The nonlinear terms in 
the corresponding OPEs in the nonlinear version disappear. 

Similarly the other combination provides the following OPEs 
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There is no higher spin cnrrent in the third order pole. 

One also determines the following OPEs from the information on the higher spin-3 cnrrent 
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There is no higher spin current in the third order pole. In this case, the nonlinear term 
between the higher spin currents is present. This can be removed by adding the +T*^^)(t(;) 
into the left hand side for spin-3 current and then this will produce the above nonlinear term. 
Again the previous result in 03.41) gives the following OPEs 
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These are new nontrivial OPEs. The corresponding OPEs are trivial in the nonlinear version. 
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From the result in fl3.7p . one obtains the following OPEs 
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The nonlinear terms in the corresponding OPEs in the nonlinear version disappear. The hrst 
order pole is not determined in this paper. 

Similarly one has the following OPE 
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The spin-1 current in the second order pole was not present in the corresponding OPE in the 
nonlinear version. 

The other combination of the OPE can be obtained 

= iiP. [-W1 

1 f 12ik(2k + 5) . 12 „ „ 12 „ „ 1 . . 


Uh"^(z)VV^(«;) = 
+ 



12A:(A: + 3)' 

wy 

(A;+ 5)2 


12iA;(2A: + 5) ^ 

tc)3 

(/c + 5)2 ’ 


‘ lp,2, , 2(fc-3), 

tc )2 

2 3(A: + 5) 


12 12 
+ 2W/^/ — hHiJlT’ 


(z-wf [ 2 3(/c + 5) 3(/c + 5) 

8 ^ , 2{k-3) 

3(A: + 5)2^^ " 3(fc + 5)2'^^ 3{k + 5^ " 

8 f(A; + 3) 


8 f A; + 3 , ^ ^ 2i , ^ ^ 2 4A: + 9 , , 

3(A: + 5)3 ^ (^k + 5y ^ 3(A: + 5)2 + 

2^(k - 15) , 4z(k + 7) 2(k + 9) 

3(k + 5)=^^~ (A;+ 5)3^+ '' 3(A: + 5)2^" " 

2i(k + 9) 8i(k + 3) 2i 

"~W+W " W+W " 

20yk^ 2ik + 9) Hk + 1) 

3(A: + 5)3^" 3 (jt + 5 ) 2 ^+ -+ (^ + 5 ) 3 ^+ ^ 21 

{k-3) 4{2k^ + 21k + 75) 

WTW WTW 

4 (2A;2 + 3A; - 15) ^ , 2(^ + 3)^ ^ 2(4P + 27A; + 123)^^^ ^ 

W+W (^W W+W 


2 (4A;2 + 17A: + 9) 
3(/c + 5)3 


F PF ® F r I F r 

“ JkTW w+w 


143 



+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 


Qi 


{k + hy 


:UA. 




[k + h) 


— — ^UFiiF 22 +- - - 

3(A: + 5)3 {k + hf 


3(/c + 5)2 
U F 12 F 21 


w] 


(z — w) 
2 i 

(A:+ 5)2 
{k-3) 


--SA) + lp(3) _ l5p(2) + - % 

2 2 4 3(A: + 5) 

A 3 A 3 A 3 — — , ^^ry dA^A^ + —— , '.^ A^B^Bs 


5T(2) 


rdA^B^ — 


3(A: + 5)2 " ' (A:+ 5)2 

(A: + 3) ^ _i (124A;2 + 263A; - 249) ^2 


d^A. 


3(/c + 5)2 3(/c + 5)2 3(A: + 5)2(13A: + 17) 

3i . ^ ^ i{23k +123) „ . ^ ^ 2i . „ „ 

;A3FiiG22 H-r./ 7 _ , r\-? dA3FiiF22 + 77 — 


(A:+ 5)2 
z(25A: + 69) 


6 (A: + 5)^ 
i(llA;-81) 


(A;+ 5)2' 
3i 


6(fc + 5)3 -439^.1^22 + 6(j. + 5)3 

3(7* + _ y -43^129^21 


2(A: + 5)3 
i 


2(A: + 5)3 


(A:+ 5)2 
2i(5A; + 21) 
3(A: + 5)3 
8 i(A; + 9) 


A3F21G12 + 77—7-777^3-^22^11 + 


(A;+ 5)^ 


dA-FiiFi2 + 


3(A: + 5)3 
2 i 


A_dF,F 2 - 


(A: + 5)2 
8 z(A; + 9) 


(A;+ 5)2 
A+F 21 G 22 


2(A; + 5)3 
71-FiiG'i2 


3(A; + 5)3 


yl_+ii(9+i2 — 


(A;+ 5): 


:A_Fi2Gii 


aA_ 


(A:+ 5)2 ^ " 3(A: + 5)2 

(A:+ 5)3^ + (A: + 5)' 

*(^ + 9) g 2 p * PFG \ F F 

F iJ3 — T ,— , r\ 9 -P 3 -ril(-T 22 -I- 777 — 7 : 77 -C'-DS-r 11-^22 


3(A: + 5)2 
^++ 22^21 


3(/c + 5)2 
i(23A; + 75) 


(A:+ 5)^ 


6 (A: + 5)3 


6 (A: + 5)3 
i 


P PF F 5z(7A: + 27) 

1530^11^22 -777—7-777--03-Til ( 7-^22 


(A:+ 5)2 
z(llA; + 47) 


2(A; + 5)3 
i 


-53-^12^721 — 
- 83 ^ 12^^21 


6 {k + 5)3 
i(5A; + 17) 


2(A: + 5)3 
i 


93B3F12B21 + ^?,? -B 3 > 9 i"i 2 B 2 i 


2(A: + 5)3 


(A;+ 5)' 


7 B-F 12 G 22 


{k + 5)2 
z(35A; + 111) 
6 (A; + 5)3 


535^21^12 + „ ^,, 383522^11 + 5,^^^,!l a8_Fi2F22 


- 8 _ (9+1 2-822 — 


(A:+ 5)2 6 (A: + 5)3 

i(47A: + 171) 


6 (A: + 5)3 


-8_+12 (9+22 + 


(A: + 5)' 


r+-+ 22^12 


144 





3(A; + 5)2 
3i 

2 (fc + 5)2 


B^dFiiF2i 


3(A; + 5)2' 
7i 


2(A; + 5)3 


2 (fc + 5)2' 

(104A;3 ^ 34 x ^2 ^ 3234 ^ + 2 OOI) ^2 
6 (A; + 5)3(13A; + 17) 

(104fc3 + 679fc2 + 1518A: + 2079) 


B+FudF 


21 


{k + 5) 


;B+FnG 2 i 


d^FnF 22 


_ ^ . 2 p I (29fc + 57) 

6 (fc + 5)3(13A: +17) 12 (fc + 5)^ 


dFnG 22 


{7k + 27) 


F^dG 


22 


(104fc3 + 451fc2 + 2022k + 1083) 2 


12(/c + 5)2 
(367^2 + 1622A: + 471) 
3(A; + 5)3(13A; + 17) 
(104fc2 + 445fc + 681) 
6 (A: + 5)2(13fc + 17) 

-^ 12^^21 + 


OF.dF 


Fud^F 2 i 

1 


6 (A; + 5)3(13A; + 17) 

(235P + 974A: + 531) 
~ (fc + 5)3(13A; +17) 

(13fc + 33) 




21 


dF,dF 


22 


A{k + 5) 
3{k + 4) 
2 {k + 5y 
{k + 24) 
6 {k + 5)2 
4(A; + 3) 


4:{k + 5)2 

<^ 11^22 + ^ 


■dFoG 


dF 2 \ Gi 2 — 


F2idGi2 + 


FoodG 


11 


dT 


2 {k + 7>) 

(fc + 12) 

2(A: + 5)2 
2i{2Sk + 71) 

~ (fc + 5)(13A; + 17) 
2(19fc + 71) 


12 'J '21 


-G'i 2 G '21 


2(A: + 5) 

(life+ 48) 


5F22Gn 


^^3 + 


0 {k + 5)2 

2{Ak + 17) 


+ 


3(A; + 5) (A; + 5)2(13A:+17) 

2(19A; + 71)__ 2 

(A: + 5)2(13fc + 17) 

Ai 


TF,,F, 


(fc + 5)(13A: + 17) 
2 


TU 




(fc + 5) 


:UA.A_ 


(A:+ 5)2 
2 

(A:+ 5)2 
1 

(A;+ 5)2 
(47A: + 219) 
6 (A; + 5)^ 
(21A: + 89) 
2(A: + 5)3 
1 


d{U Aa) + 


TF 12 F 21 

ik 


{k + b) 


;U A 3 A 3 + 


(A:+ 5) 


:UB3B3 


UB,B_- 


UFnG 22 


(A;+ 5)2 

(4A: + 17) 


dUB3 + ][^^% dB3 


{k + 5){13k + 17) 
{Ilk-57) 


(A:+ 5)2 
d^U 


6 {k + 5)^ 
U FiidF 22 + 


dUFuF22 + ^^]!l^^^^'^ UdF3iF22 


UdF.F 


12 -r ^21 


{k + 5)2 
2 


t/F22Gii 


(A:+ 5)2 
(7A; + 51) 
' 2(A: + 5)3 


[/ F 12 G 21 + 


UF32dF2i 


6 {k + 5)^ 
(5A; + 41) 
2(A: + 5)3 
1 


a[/Fi2F2i 


{k + 5)^ 


t/FoiG 


21 'J ‘12 


-uuu 


{k + 5)2 
2(fc + 9) 


B3dB3 


2{Ak + 9) 
~ 3(A: + 5)2 

(^y) + ---. 




(A:+ 5)2 3(A; + 5)2' 

The nonlinear terms (with the footnote [5]) in this case do not appear in the above OPE. 
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One continues to calculate the following OPE 
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It is obvious that there exist no boldface higher spin currents. 
Furthermore, one has 
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There is no higher spin current in the third order pole of the above OPE. The structure of 
the first order pole is not determined. 

The result in fl3.6p can be used and one obtains the following OPEs 
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There is no higher spin current in the second order pole. One sees that the nonlinear terms 
appeared in the nonlinear version do not appear in these OPEs. 

Again the result fl3.8p can be used and the following OPEs can be obtained 
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One does not see the higher spin cnrrents in the third order pole of the above OPEs. 
principle, the hrst order pole can be obtained from the description in the section 7. 
Similarly the other combination leads to the following OPEs 
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It is clear that there are no boldface higher spin cnrrents in the OPEs. 
The resnlt fl3.9p can be nsed to calculate the following OPEs 
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There is no boldface higher spin current in the third order pole of the OPEs. As before, 
the nonlinear terms between the boldface higher spin currents can be removed by adding the 
rT‘^^^(t(;) into the left hand side. 

As before, the result fl3.7l) determines the following OPEs 
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(z — w)^ 2 


d(pole-3)(w) + 


(z — w) 


[+■■■] H + 


It is an open problem to obtain the first order pole of the OPEs. 
Also one can construct the following OPE 
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Note the presence of a quasi primary field containing the higher spin-1 current in the first 
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order pole. 

Furthermore the following OPE can be obtained 
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One does not see the higher spin current in the third order pole. The corresponding OPE in 
the nonlinear version contains the higher spin current in that pole. 

The following OPE can be obtained 
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There is no boldface higher spin current in the third order pole. 
The other combination of OPE can be described as 
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x:5_r22^12-TT-:-rr:^- O 1 D 4 .JD- 


3(/c + 5)3 
2 (7A:2 - 24A; - 279) 


9(A: + 5)3 
z (5A:2 + 258A; + 621) 


9(A; + 5)3 

0+90. - ?!^^^0+0iiG'2i 


9(A: + 5)4 
z(115A;2 + 942A; + 2187) 
9(A: + 5)4 


3(A; + 5)3' 

.70 p p z (103A;2 + 630A; + 927) 

0-D+rn-F2i -—T+TZ--t>+(7-rii-r2i 


9(A: + 5)4 
0+0ii902i + ^^2^^-^0+02iG'ii 


3(A: + 5)3 


(608A;^ + 657A;3 - 10193A:2 + 219A: + 1053) 
9(A: + 5)4(13A: + 17) 


9^011022 


160 



2 {88k* + 70A9k^ + 56775k‘^ + 137475A; + 81837) 
9(A; + 5)4(13A: + 17) ' 

(432A;^ + 9491P + 64429P + 164721A: + 141543) 


dFudF. 


22 


9(/c + 5)4(13/c + 17) 


Fnd‘^F, 


22 


(251^2 + 1266/c + 423) 
18(A: + 5)3 


<9-^11 G*22 — 


(25/c2 + 342A: + 909) 


18(fc + 5)3 

(48A:^ + 803A:3 + 4117A;2 + 10577A; + 5999) .2 ip 
{k + 5)*{13k + 17) ^ 

2{k - 3) (88/c2 + 89k - 1419) 


F.dG 


22 


dF.dF 


9(A: + 5)3(13A; + 17) "" (A; + 5)^ 

(608A;^ + 6353P + 34775/^2 + 91563A; + 94725) 
9(A: + 5)4(13A; + 17) 

(9/c 2 + 114A: + 233) (9/c2 + 122A; + 273) 


UF22Gn 


F,2d^F 


21 


2(/c + 5)3 

(13A:2 + 81A; + 168) 


9F12G21 - 


3(/c + 5)3 
(29A:2 + 483/c + 1530) 


dF2iGi2 + 


9(A: + 5)3 
4i ( 20 P + 231A; + 483) 
(A: + 5)2(13A: + 17) 
4(A; + 3)(10A: + 81) 


(97^22^11 + 


6 (A: + 5)3 
(P - 7A: - 132) 
3(/c + 5)3 
(17A:2 - 105A: 




21 


F2i9G 


12 


918) 


TA 


9(/c + 5)2 




8 (10A;3 + 123A;2 + 552k + 903) 
3(/c + 5)3(13A: + 17) 
16(/c-3) (5A:2 + 45A; + 108) 


9(A: + 5)3 

16iA; (5P + 57A: + 123) 
3(/c + 5)2(13A: + 17) 
16(A: + 6)(4A: + 17) 

3(A: + 5)2(13A: + 17) 




11 




TG 


TF 11 F 22 


16(/c + 6 ) 
3(/c + 5)3 


UA.A_ 


3(/c + 5)3(13A: + 17) 


TF 12 F 21 + 


16(A; + 6 ) 


8(5A: + 21) 


F 7 I 3 F 3 


8i(3A: + 8 ) 


97/^3 + 


3(A: + 5)3 
8 i( 8 A: + 45) 


GA 3243 


3{k + 5)^ " " (A;+ 5)3 " ' 3(A: + 5)3 

2i {5^ + 33A; + 60) „ 2i (A:^ + 53k + 108) „ 

—3(IT+--i(Fr+— 




16(A: + 6 ) 
3(A: + 5)3 
6 


UB:B_ - 


8 (A: + 6)(4A: + 17) 


UFuG 


ll*-^22 


3(A: + 5)2(13A: + 17) 
(A:-3)(29A; + 273) 


d^U 


{k + 5y 
(259A:2 + 2118A: + 5139) 

9{kTW 

(137A;2 + 2130A: + 6201) 
9(A; + 5)4 


9(A; + 5)4 


dUFuF22 


UdFuF, 


. 16(A: + 6 ) 

’22 + 7771—(4-0 3 -d 3 


UFudF 


22 


3(A; + 5)3 
{7k + 3) 


(A:+ 5): 


dUFi2F2i 


161 



+ 

+ 

+ 


(43A: + 375) 
3(A: + 5)3 
16(A: + 6) 


UdF^2F2i 


(49fc + 213) 


^{k + hf 

1 


UUU 


3(fc + 5)3 
4 (20^2 + 177A; + 369) 


9(fc + 5)3 


UF^2dF2i 

dUU 


[w 


{z — w) 


[+•••] H + 


There is no boldface higher spin current in the fourth order pole. 
One can see the following OPEs from fl3.6p 




(z)W(^)(«;) = 


+ 


± 

± 


T 


T 

T 


T 

T 


18k 


{z — w)^ 

1 

{z — tc)3 
4(fc - 3) 
3(A; + 5)3 
8z(5fc + 21) 


(fc + 5)2 

2{k-3) I 

3(A: + 5)2 I 

^ Fn ^ 
F22 

Fii 

F22 


T 


Ell 

F 22 

Gn \ 
G 22 ) + 
4(fc-3) 




4i (3fc2 + 14fc + 3) 


E12E21 


3(A; + 5)3 
16i{k — 3) 


3(fc + 5)3 
Ai{k-3){k + l) 
3(fc + 5)3 
1 


± 


[z — w 
i{3k + 13) 
(fc + 5)2 
2(7A; + 39) 
3(A; + 5)3 
2i 


A 

2 


A:> 


Fi2 

E 21 

^ Q(i) ^ 

V . 

Gn " 
G 22 


3(A; + 5)3 ' 
18A: 


3(A: + 5)3 

if' 

\ J^22 

F 21 ^ 
El 2 


A. 


jB, 

5 

+ 2 


(fc + 5)2 

u(t) \ 

Vd) j 


d 


Ell 

E 22 


+ 


A^B^ 


E] 

Eo 


12 


{k + 5y 

4 


+ 




{k + 5)2 
i(7A;+ 15) 
3(A: + 5)2 
4(A: + 3) 


21 / (A: + 5)2 

Fii \ ^ 2i(43A; + 183) 
E 22 / 


A. 


3(A: + 5)3 
6 


A±A3 


{k + 5)2 
4:i{3k + 17) 


(A;+ 5)3 
i(3A;+ 13) 
(A;+ 5)2 




E, 


G 21 \ 

Gi2 j 

( E 21 ' 

V ^12 , 

E 22 ^ 
,Eii J 

( E 21 

Ei2 

Gn \ 
G 22 / 


+ 


+ 


± 


3(A; + 5)3 
8(2A: + 9) 
3(A: + 5)3 
2(A; + 9) 


A 3 A 3 
A 3 B 3 
Asd 


Ell 

E 22 


± 


3(A; + 5)3 
2i{7k + 27) 
3(A: + 5)3 
2z(37A: + 93) 


d±E3 ^ 

dBs 
A±d 


Ell 

E 22 

Ell 

E 22 

E 21 ^ 
E 12 y 

' Ell 
^ E 22 

Ell 

E 22 

' E 


3(A: + 5)3 
2z (12A;2 + 59A; + 27) 
3(A: + 5)3 


E 




Ell 

E 22 


(^i;) 


21 


12 


Ell 

E 22 


E. 
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+ 


+ 

+ 



3(fc + 5)“ yo 
4ik{3k + 25)^ ^ 
3(fc + 5)3 


I 2(fc + 9) 

^3(it + 5)3 ^ ^ 

i^ii \ , 4 (/c + 3) ^ 

F 22 ) ^ 


3(fc + 5)3 ( F 21 

(25fc2 + 159fc-54) 2 / .11 . 

3(A: + 5)3 F 22 ; ^ 3(/c 4 

2(5fc + 21) / FnFi2G2i \ 4(A; - 3) 
3(A; + 5)3 y -^22-^21^12 j ^ 3(/c + 5)" 
4(9P + 82fc + 201) / ^11^^12^21 \ 

3(A: + 5)*^ y F22dF2iFi2 J 

32 (k^ + 10k + 27) 

3(A; + 5)4 



-F22<9-F21 

FiiFi2dF2i 
F22F2idFi2 

\ {k^Q 

J (A:+ 5)2 

(fc + 5)^ \ z 

4i(5t + 27) 

3(A: + 5)3 = 

2 ^(11A: + 51),,^ 
3(fc + 5)3 




There is no boldface higher spin cnrrent in the third order pole. 
Again the relation fl3.8p determines the following OPEs 


/ Ud) 

vd) 


(z)wpH = 


+ 

+ 



mk{k + 3){2k + 15) ^ 

T - o/, , + 


3(A: + 5)3 


64:k{k + 3)2 
3(A; + 5)4 


E 11 F 21 

F 22 F 12 


1 \ 8 (8fc2 + 51fc + 135) 

{z-w)^ [ 9(fc + 5)3 " ^ 

32i{k + 3){k + 0) / +11+21 \ 3ik{k + 3){2k + 15) 

0{k + 5)4 + 22+12 ; ^ 3{k + 5)3 


{w) 
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+ 

+ 

+ 

± 

± 

T 

± 

T 

T 

± 

+ 

± 

± 


m{k + 3){k + 9) 
9{k + 5y 


- B = F -^1 1-^22 


16i{k + 3){k + 9) 

9{kTW 


-B=F-^12-^21 


4(/c-3)(2A; + 9) / FnGai \ 8 (12A:=^ + 41fc^ - 30A; - 27) / dFuF2i 

3(/i: + 5)^ \ F 22 G 12 j 9(/c + 5)^ \ 9 F 22 F 12 

8 (12/c3 + 103P + 246A: + 27) / ^ 11^^21 \ 

9 (/c + 5)4 F22dFu ) 

4{k-3){2k + 9) ( F2iGn M , ^ 


3(A: + 5)3 


i^ioGo 


{z — wy 


2{5k + 21) ( Q 


(A;+ 5)2^"^"^^ 


3{k + 5) \Ry> J 

2 (29A;2 + 246A; + 369) 
+-9(^T^P- 


dA.B^ 


2 (61/c 2 + 486/c + 1089) 


9{k + 5y 

2i (67A;2 + 474A: + 855) 

9{kTW ^ ' 

2i {29k‘^ + 198k + 297) 

9{kTW ^ 

2i (137/c2 + 1134A; + 2277) 

9{kTW 

2i{7k + 27) f F2iGn ] 
3(A: + 5)^ F 12 G 22 ) 

2i , ( F 21 G 21 \ 

(A; + 5)2^±( F 12 G 12 

2z(3/c + 19) / FnF2i 

{k + 5)^ ^ y F 22 F 12 

2i{l9k + 99) f FndF2i 
3(k + 5)3 F22<9Fi2 

4(/^ + 2),o o 4(A: + 2 


AsdB^ + 


2i(13A; + 57) 
3(/c + 5)3 


-^^11^21 

F 22 G 12 


^ F 11 F 21 \ 

^ F 22 F 12 J 

dFnF2, \ 

dF22Fi2 j 

( FndF 2 i 

' I F22dFu 


{k + 5)2 ^ y F 22 G 22 


=t(fc + 5)2'^±'^T'®T 


-^^21^21 

-^^12^12 




FnG2i 

F 22 G 12 


F 11 F 21 
F 22 F 12 ^ 

+11(9+21 

+22(9+12 


(A; + 5)2 " F 22 ' 

I ^ 2i{k - 15) ^ 

I ^ 3(A: + 5)3 

)±(IT+®=’( 


(9+11+21 

^ (9+22+12 

^^21^11 \ 
F 12 G 22 j 


4(/^ + 2),^ ^ 4(A: + 2) 

+T+ ^ ’ ■ +W ^ ’ 

2i {AAk^ + 517A:3 + 516A:2 - 1467A: + 1530) 
9(/c + 5)3(13A: + 17) ‘ 


4i(A: + 3) 


3{k + 5)3 ^ +22G'ii 

Ai (13A;2 + 216A; + 747) 
9(A: + 5)4 

8z(2A: + 15)(5A: + 21) 
9{k + 5)^ 


+ 11 G 22 \ , 2tik + 9)il3k + A5)^^ ^ ^ 

F,,Gn ) +-9+r+- 


9+11+22 

9+22+11 


9+=p+ii+22 
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+ 


4z(A; + 3)(19A: + 99) 

9{kTW ^ 

2z(A; + 9)(19A: + 99) 

9{kTW 

2i(A; + 9)(29A: + 141) 
9(/c + 5)4 
8i(2A: + 9) 

3(/c + 5)3 ^ 




FudF22 

F22dFii ^ 

Fx2dF2x '' 
F2idFi2 ^ 

^ dF\2F2\ 

\ dF2iFi2 


^ Hk + 9) 

^3(it + 5)3 


T 


-^12^21 

-^21^12 


-^21^12 

-^12^21 


2i{llk + 51) 


B 


T 


16(7/c + 27)(17fc + 33) 
9(/c + 5)4 
2 {88k^ - 1283A;3 


' 3(fc + 5)3 
_ dFndF2i ] 

[ dF22dF,2 ) 

14297A:2 - 39417A; - 27387) 


-^22^11 

-^11^22 


9(A: + 5)4(13A; + 17) 



+ 


(fc-3)(A; + 3) / 
(A: + 5)3 \ 

2 -Ak- 33) 


(25/c^ + 36k - 237) / dFnG2i 
3{k + 5)3 y (97^22^12 
2 {e - 42k - 159) / dF2iGu 
3{k + 5)3 y (97^12^22 
2(3A; + 10) / GuG 
{k + 5)2 y G 22 
8 ( 20 P + 183P + 498A: + 255) 

3(A; + 5)3(13A; + 17) 

8(^ 2,«.^+m + 20) 

3(A: + 5)3 ^ ^ (A:+ 5)3 



(A:+ 5)3 
16iA; (5A:2 + 57k + 123) 
3(A: + 5)2(13A: + 17) 


Fii5G2i ^ 

+22^^12 y 

^ 732iaGii 
I F12I9G22 




T 


-A3ii732i 

F 22 F 12 


T 


2i (A;2 + 13A; + 20) 
(A:+ 5)3 
2(13A:-3) 

3(A: + 5)3 
2(A:-15) 


7/as 


+ 


(A;+ 5)2 
4i {88k^ 



6 


U 


(A:+ 5)2 
2{7k + 87) 
3(A: + 5)3 
8i(7A; + 27) / 
+2<-j'22 / 3(A: + 5)3 y 

2739A:3 - 22129A;2 - 46233A; 


U 


F 11 G 21 \ 

F22G12 J 

' FndF2i 
F22dFi2 

FiiA.dF^^ 

F22A^dF22 

- 26163) 


4i (88/c^ 


9(A: + 5)4(13A: + 17) 
2895A:3 - 23581A:2 - 50205A: 


29223) 


w, 


9(A: + 5)4(13A: + 17) 

[+■■■] (w) + ■■■. 


F2iA^dF2i 

Fi2A_dFi2 

dF2iA^F2i 

dFi2A_Fi2 


(w 


There is no boldface higher spin current in the third order pole. 


165 



K5|C3 kOlCJ’ 


The above same relation gives the other combination of the OPEs 


) 

) 



+ 

+ 

+ 

+ 

± 

± 

± 

T 

+ 

± 

T 

T 

± 

T 

± 


1 8f(/i; + 9)(4A; + 9) 16(A; + 9)^ / F 11 F 12 \ / \ 

{z — wY ^ (k + 5)3 (k + 5)"^ y F 22 F 21 J ^ 

1 r8(8/c2+ 51A; +135) 4z(A; + 9)(4A; + 9) 

{z — wY 9(/c + 5)3 ± 3 T ± 

16*(A; + 3)(A; + 9) , ^ ^ ^ 4{k - 3){2k + 9) f F,2Gn \ 

9{k + 5Y ^±^13^22+ + [F 21 G 22 ) 

lQt{k + 3){k + 9) ^ ^ ^ _32t{k + 3){k + 9)^ f FnFu\ 

T 53 j 

4{k - 3){2k + 9) / FiiGis \ 16 (llP - I2k - 351) / ^FnFia \ 

3(A: + 5)3 V F 22 G 21 y ^ 9{k + 5Y V < 9 ^ 22^21 j 

32 (10A;2 + 75k + 189) / FnaFi2 \1 . . 

9(kTW V ^22^^21 )\ 

1 r 8(fc + 6) / \ 

{z-wY _^3(A: + 5) \ J 


2i ^ 
{k + 5Y^'' 
8ik 

3(/c + 5)3 • 
8f(5A: + 24) 
3(/c + 5)3 


FnGi2 \ ^ 8^(fe + 4) 
E 22 G 21 j [k + 5)3 ^ 


E 11 F 12 

F 22 F 21 


dFuFu \ 

5 ^ 22^21 J 

( FudFu 
\ E2219F21 


(A;+ 5)2^^^^^^ 


^ (A; + 5)2'^^ 


9^12^11 

F 21 G 22 


4z (22A;3 + 293A;2 + 378A; - 1149) 2 . 8i 

- 3(i + 5)=>(m+17)-® 


4 {2Qe + 237k + 603) 
9(A: + 5)3 ^ 

8z(A; + 6)(13A: + 45) 

9(A: + 5)4 ^ -- 

8z (17A:2 + 129A: + 216) 

9{k + 5Y ' 

8f(A; + 9)(5A; + 24) / 

9(A: + 5)4 

2i{7k + 39) / F 12 G 2 

3{k + 5)3 ^ y E 21 G 1 

16i(A: + 3)(5A: + 24) 

9(A: + 5)4 ^ 

16f(A: + 3)(7A: + 36) 

9(A: + 5)4 ^ 




4 (10/c2 + 153/c + 423) 


^ " 9(fc + 5)3 

dA^FnF^_ T 


A+dB. 


F 11 G 22 

F 22 G 11 


dFiiF22 

(9^22^11 


(A; + 5)- 


;dA±A-i 


FiidF22 

F22 C?Fii 


20 

+ WTW " 


\ l«(fc + 3)(2fc+15) 

j ^ —9(rT5)3— 

<9^12^21 \ 

<9^21 Fi 2 j 


-^12*9^21 

-^21<9Fi2 
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± 

± 

± 

T 

± 




± 

+ 


4^(fe + 3) / F2 iG'i2 \ 2i{^k + 33) / Fi2Gn \ 

3(/c + 5)^ ^ \ -^12^*21 / 3(/i: + 5)^ ^ \ F 21 G 22 ) 

4z(5fcJ^ ( F22Gn \ , 2^(llA; + 63) / FnGi2 \ 

3(A: + 5)3 ^ y -^11^22 J 3(/i: + 5)3 ^ y F 22 G 21 J 

8z (7fc^ + 99A; + 360) / FnFi2 \ 

9(A: + 5)"^ ^ y F22F21 j 

8i (2P + 39k + 153) „ / dFnFi2 \ 

9(k + ,r i 8F,A ) 

Si (20e + 255k + 783) „ / FndFn \ 

9(^- + 5)^ - [ F^dF,, ) 

2^ P / -F 12 G 12 \ 2i / FiiGii \ 

(/c + 5)2 ^ y -P 21 G 21 y (A: + 5)2 ^ y F 22 G 22 J 

4 (1333/c3 + 10733P + 24315A; + 26019) / 92 + 11^^12 \ 

9(/c + 5)4(13A: + 17) y + 22^^21 J 

8 (509A;3 + 4117P + 7347A; + 507) / 9 + 11^+12 \ 

3(/c + 5)4(13/c + 17) y 9^229^21 J 

4 (527A;3 + 609lP + 18921A: + 25101) / ^ 1152+12 \ 

9 (/c + 5 ) 4 ( 13 A: + 17 ) y ^22^2+21 j 


2(2A: + 13) 


G 11 G 12 

G 22 G 21 


2 (8A:2 + 15A: - 165) 


(A:+ 5)2 

2 (lOA:^ + 63k - 3) 

3(/c + 5)3 

2{k — 3) / FiidGi2 \ 
{k + 5 )^ y ^22^^21 j 
8 (21A:2 + 202A: + 517) 
(A; + 5)3(13A;+ 17) 


J 3(A: + 5)3 

9+12^11 \ 2 (2/c2 + 9A: - 9) 

(9+21^22 


T 


(A:+ 5)3 
Ai {20k‘^ + 231A: + 483) 
(A: + 5)2(13A: + 17) 

/ i^iiFi2 \ , 32(A; + 6) 
I F 22 F 21 ' ^ 


aFnGi2 \ 
5+22 G 21 J 
FudGn 
+2x5^22 


TA- 


3(A: + 5)3 

(A; + 5)3 (A; + 5)2 


UA^Bs 


U 


{k + 5)3 
8(5/c + 12) 
3(A: + 5)3 

8^ Firr 

(A;+ 5)3*^ 
8i(5A: + 33) 


U 


FnGi2 

F 22 G 21 


+115+12 
+22 5+21 

7 ^ 117^12 \ 
F22F21 j 

+11++5+11 

7 ^ 2277 - 5+22 


6 


U 


+ 


(A:+ 5)2 , 

8(fc-12) / 

3(A: + 5)3 1, 

\ 8 z(A; + 9) 


7^12^11 

^ + 21 G 22 

5 + 11+12 
5+22+21 

/ +12+-5+ 


12 


3(A; + 5)3 


3(A; + 5)3 y + 21 ++ 5+21 


[w] 


There is no boldface higher spin current in the third order pole. 
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Similarly the following OPEs can be obtained from fl3.9p 


( 

V 




+ 


+ 

+ 

± 


± 


+ 


wY 


± 


24:{k - 3)k 



iw] 


{k + 5Y{13k + 17) 

'^2 (248^3 + 2770k^ + 7275k + 4509) 


{z — w)* 3{k + 5)^(13A: + 17) 

4 {2ASk^ + 1717P + 5898k + 4509) / Fn 

3(A: + 5)3(13A; + 17) V ^22 

8(5A: + 9)(11A;2 + 118A; + 219) / Fn 

3{k + 5)4(13A: + 17) [ E 22 

4i (248P + 1195A;2 ^ ggg^ _ 

3(A; + 5)3(13fc + 17) 

4i (248^3 + 1195A;2 + 966A: - 189) 

3(fc + 5)3(13A; + 17) 

4i (46P - 409^2 - 4404A; - 4509) 

3(A: + 5)3(13A: + 17) 

Ai {46k^ - 409A:2 - 4404fc - 4509) 

3(A: + 5)3(13A: + 17) 

■2(fc-3)(41A: + 109) / 

_ 3(fc + 5)(13A: + 17) V 
>-3)(41A; + 109) / 

(fc + 5)(13A: + 17) 

Kfe + 4) 





A. 


B 


T 


B. 


[w] 


■ w) 


c + 5)2 
>-3) 


A. 





A^A'i 


A^B^ 


3{k + 5)^"^ 
248P + 1039A;2 _ g42j^ _ 2025) 

9(A: + 5)3(13A: + 17) ^ 

124^3 + 929P + 3198A: + 2889) 

9(A: + 5)3(13A: + 17) 


A.d 



8{k-3) 
3{k + 5)^ 
8{k-3) 


A+B^ 


3{k + 5f 
248P + 96lP - 1446A: - 2943) 

9(A: + 5)3(13A: + 17) ^ 

124A:3 + 929P + 3198A; + 2889) 

9(A: + 5)3(13A: + 17) ^ 


A^B. 
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+ 


+ 

± 

± 

± 

T 

T 

± 

± 

± 




4^(fe + 4) ^ ( Gu \ , 16(fc + 3) ^ 

(A; + 5)2 ^22 j ^ 3(A: + 5)3^" " 

Ai (202/c3 + 419/c 2 - 3120/c - 3897) 

9(/c + 5)3(13A: + 17) 

8i {133k^ + 896/c2 + 3249A: + 2790) 

9(it + 5)3(13it + 17) ^ 

Ai (202/c3 + 263/c2 - 3792A: - 4509) 

9(/c + 5)3(13A: + 17) 
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There is no boldface higher spin current in the fourth order pole. 
Now one can calculate the following OPE 
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The nonlinear terms disappear in the OPE. The corresponding OPE in the nonlinear version 
contains those nonlinear terms. 
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There are no boldface higher spin currents in the OPE. 

With the results in (Id.hh and (I3.8p . the following OPEs can be obtained 
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There is no boldface higher spin cnrrent in the third order pole of the OPEs. 
With the resnlts in fl3.6p and fl3.9p . one obtains the following OPE 
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There are no boldface higher spin currents in the fourth and third order poles in the OPE. 
The nonlinear term containing the boldface higher spin currents in the second order pole can 
be removed by redehning the higher spin-3 current as a quasi primary held. 

Moreover, the following OPEs can be obtained as before 
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The hrst order pole can be determined by using the general procedure in section 7. 
Again the different combination of OPE can be obtained 
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3(fc + 5)nm + 17) 
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18(/e + 5)3 18(A: + 5)3 

(432A;^ + 9335A:3 + 61417A:2 + 170877A: + 154395) 17 17 
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- 9(* + 5)"(13*+17) - 

(608A:^ + I021k^ - 8157/e2 - 5697A: - 9351) „ .2 c" 
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(61/e2 + 390/e + 441) (OlA:^ + 146A: + 3) 
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(5A:2_i29A;- 738)^^^ ^ , (A; + 6)(9A; + 13) ^ 

WTW Hk + 5)3 

(19/e2 +183/e + 864) ^ (17A:2 + 81/e + 36) ^ _ 

- 9(kTW -® 9(* + 5)" 

4i (20A;2 + 231A; + 483) 16/A; {bk"^ + 57k + 123) 

(A; + 5)2(13A;+ 17) 3(/e + 5)2(13/e + 17) ^ 

4 (lOA:^ + 93A; + 126) 16(A; + 6)(4A; + 17) 

9(fc + 5)2 3(A: + 5)2(13A: + 17) ^ 

16(fc-3)(5fc2 + 45/e+108)^^ ^ (5^ + 23)^ ^ 

3(fc +5)3(13^ + 17) “ JkTW 


B_Fi2dF22 


-9+129^21 
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12-^21 
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3^3 


8 {lOk^ + 123/c 2 + 552/c + 903) 
3(A: + 5)3(13A: + 17) 


16(/c + 6 ) 
3(/c + 5)3 
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(A:+ 5)2 
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(^-3) 


(A;+ 5)' 
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2^(5A:2 + 33A; + 60)_^„ , 2* (A;^ + 37A; + 12) 
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3(/c + 5)3 
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3(A: + 5)3 
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6 
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(127A;2 + 1206A: + 3879) 
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(31A: + 99) 
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11-^22 
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9(A; + 5)4 
(A;-3) 


12'-<^21 


UdFuF 
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(A:+ 5)2 


577 + 12^21 


{k + 5)3 
6 


UdF,2F2i + (13^ + 153) ^^^2ai7,^ 


(A;+ 5)2 


+ 


{k + 5)2 
1 

(z — w) 


T/FoiGio- 


16(A: + 6 ) 
3(A: + 5)3 


7/7/7/- 


4 (20A:2 + 177A: + 369) 
9(A: + 5)3 


dUU 


w 


[+•■■] (w) + ■■■. 


One does not see any higher spin current in the fourth order pole. 
One describes the following OPEs 
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GO 

()] 

- 7275k + 4509) 

(z — w)^ 

1 

[ (A: + 5)2(13A:+17) ' 
[_2 (248A;3 + 2770A:2 + 

(z — w)‘^ 

3(A: + 5)2(13A; +17) 


4 (248k^ + 1717A:2 + 5898k + 4509) / F 21 \ 

3(A: + 5)3(13A; + 17) V ^12 J 

8(5k + 9) (11A;2 + 118A: + 219) / F 21 \ „ 

3(A: + 5)4(13A: + 17) F^ J 
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(w) 


G 21 ] 
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8 (^ + 9) . . ( F2i\ ^^{k + 4)^ 

3(A: + 5)3^±^^1^ Fi 2 J (k + 5)^ ^ 

4i (202k^ + 419P - 3120A; - 3897) 

9(/c + 5)3(13A: + 17) ^ 

8i (133k^ + 896/c2 + 3249A; + 2790) 

9(A; + 5)3(13A: +17) ^ 

4i (202k^ + 263P - 3792A; - 4509) 
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(A:+ 5)2^''^'' ^12 ) 3(/e + 5)3 

16{k - 3) (SP + 43A; + 27) 2 / F 21 
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2 (248A:3 + 30047:^ + 8517A: + 5733) 
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One does not see any higher spin current in the fourth order pole. 
Finally, the hnal OPE can be described as 




+ 

+ 
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64A;(31A;3 + 434A:2 + 1419A: + 1080)' 

(A; + 5)3(13A: + 17) ^ 

2(fc-3)(5A:-23) (2) , 8(fc - 3)2(5A: - 23) 
(h 3(A: + 5)2(13A: +17) 


)^rp(l)rp(l) 


Lt 


_ , (k + 5)il3k + 17) 

-3)(5fc-23) (2) _ 16(k-3)"(llfc + 7) 

f5)(13A; + 17) (A; + 5)(13A: +17)2 

I244A:^ + 41659A:3 + 151375A:2 + 203133A: + 83997) 

3(A: + 5)2(13A: + 17)2 
;61A:3 + 383A:2 + 573A: + 243) 8(/c - 3)2(5A: - 23) 
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+ 
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-3(fc + 5)‘(m + 17)- 
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8 (244A;3 + 2189A:2 + 7062A; + 4941) 

3(A: + 5)3(13A: + 17) 


32(A: - 3)2(5A; - 23) 
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UF12F21 
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^a(pole-4)(«;) + — 
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Note the presence of the nonlinear term containing the higher spin-1 current in the fourth 
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order pole. In the basis of fl4.7p . one realizes that this term disappears eventually. 

It would be interesting to write the above 136 OPEs in the simplified notations as in 

Appendix A or Appendix D. 
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